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Preface

While there is little disagreement about the formal definition and properties
of probabilities, there is considerable disagreement about the interpretation of
the probability model, and the derivation of the formal properties of probability
from an underlying model. This disagreement is important, because it influences
how people use probability analysis, and what they think it means and can prove.

The classical or frequentist interpretation sees probabilities as objective prop-
erties of the external world, which manifest themselves in the relative frequency
of occurrence of different outcomes of random processes. In this view, a change
in the informational status of the observer can have no influence on the probabil-
ities governing the phenomenon being observed. The classical approach flatters
itself as being “objective”.

The Bayesian, or, as I will call it in this book, Laplacian interpretation sees
probabilites as a description of the beliefs of an observer who has some specific
information about the observed system. These beliefs may be influenced, or
indeed, determined in some situations by the relative frequencies of events the
observer has observed, but an observer may have a probability system over
an event which she knows will occur only once. A change in the observer’s
information will in general change her probability system. Since the Laplacian
approach puts the observer at the center of the formation of probabilities, it has
a “subjective” element.

But the opposition between “subjective” and “objective” is somewhat de-
ceptive. Hegel reminds us that subjective and objective are different aspects
of the same dialectical unity. In the end the classical probabilist cannot avoid
making subjective judgements about what observations to count as arising from
a given system, and hence contributing to the observed frequencies that charac-
terize that system. The Laplacian probabilist wants to use evidence to convince
others of the validity of her probability judgements, and thus is driven to seek
an inter-subjective consensus on probabilities that has an objective aspect.

The most coherent way to understand the logic of probabilistic and sta-
tistical arguments is to start from the Laplacian point of view that explicitly
puts an observer in possession of explicitly defined information in the center
of the theory. It is possible from this starting point to give a satisfactory and
transparent account of frequentist methods and results. Basically, I argue that
frequentist methods are Laplacian methods derived from particular assumptions
about the informational state of the observer. One chief aim of this book is to
make explicit exactly what implicit assumptions about the informational state
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of the observer support frequentist analysis.

0.1 Some history

The formal mathematical study of probability began in the 17th century with
the practical question of how much to pay for various bets in games of chance
(See Hacking [1975] for a graceful account of these early developments). This
problem neatly combines the frequentist and informational approaches. A bet
expresses the opinion of the bettor, for example, as to the relative qualities of
horses in a race, an opinion which depends in part on the information the bettor
has about the situation, such as the past performances of the horses. Thus both
the observed frequency of events (how often a die has come up with a six, or
how often a horse has won a race) and the opinion and information of the bettor
(who may know that the die is loaded, or that the horse is drugged) play a role
in the willingness of the bettor to wager.1

The mathematical theory of probability reached a mature state of develop-
ment over the 18th century, culminating in the synthetic work of Pierre Simon,
Baron de la Place. Laplace, citing the then obscure work of Thomas Bayes,
argues that from a mathematical point of view the most that can be expected
of a bettor is that her bets based on various states of information be consis-
tent with each other. This requirement implies that the bettor starts with a
consistent “prior” assignment of probabilities over all contingencies; the role of
new information is simply to restrict the range of contingencies she regards as
relevant, that is to move from her prior joint probability distribution over all the
possible outcomes to a conditional distribution that depends on the information
she actually has.

The strength of Laplace’s point of view is its logical clarity. Once we ac-
cept the need for a prior assignment of probabilities, the incorporation of new
information (for example, further observations of a process) becomes logically
trivial (although the mathematical computations involved can be subtle and
involved). The weakness of Laplace’s point of view is that bettors with differ-
ent prior assignments of probability will in general have different opinions even
when confronted with the same observational information. This possibility is
troubling to those who are heavily invested in a positivist/empiricist philosophy
of science that imagines the growth of human knowledge as merely a process
of revelation of an objective structure immanent in the external world. The
judgments arising from Laplace’s method appear to have a subjective content
incompatible with a belief in the objectivity of scientific knowledge. Laplacians
take the position that objectivity is better understood as agreement or consen-
sus. The objective scientist is one whose prior assignment of probabilities can

1The willingness of a real human bettor to wager also depends in practical situations
involving uncertainty on “secondary satisfactions” such as pleasure in betting, or difficulty in
making commitments in the face of uncertain outcomes. In the interests of focusing on the
logic of probability theory and statistics I will generally abstract from these problems, without
suggesting in any way that they are unimportant practically. See Pope [2001] for a thorough
discussion of this issue.
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be regarded as neutral among the available hypotheses, or more precisely, the
objective scientist has a prior assignment of probabilities representing complete
lack of information about the process under study. All objective scientists will
thus share the same prior assignment of probabilities and arrive at the same
conclusions. The weak point of this argument is that it has proved difficult
to propose prior assignments of probabilities that command universal, or even
widespread, scientific assent as representing a complete lack of information.

The subjective probability of an outcome can be thought of as the price a
bettor will pay or accept for a ticket paying $1 just in case the outcome obtains.
The theory of probability as a theory of betting concerns the processes by which
an idealized bettor (who, for example, is immune from the effects of secondary
satisfactions such as pleasure or anxiety about betting itself) might formulate
such offers and the impact of changes in her information on her willingness to
make or accept offers. In the case of games like roulette or dice the bettor
confronts a device or process, which is contrived to produce regular frequencies
of various outcomes over long series of trials. The bettor’s willingness to pay for
or sell tickets in these situations is naturally focussed on these frequencies, since
if the stakes are small in relation to her wealth, it is plausible to assume that an
idealized bettor will pay or accept a price for a bet on an outcome proportional to
its frequency. In these situations it is easy to project the concept of probability
as expressing the bettor’s willingness to buy or sell tickets into the device itself,
and to view probability as a propensity or tendency of a device to produce
various outcomes.

In the nineteenth and early twentieth centuries George Boole, Karl Pearson,
and R. A. Fisher sought to move observed frequencies, rather than the opinion of
a bettor or observer to the central place in the theory of probability. Their work
was the foundation for the “classical” or “frequentist” theory that posits the ex-
istence of a “true process” generating data that exhibit constant frequencies of
various outcomes in long series of observations. The problem of the statistician
according to this line of reasoning is to “estimate” a mathematical model of
this process on the basis of a finite set of observations. This classical statistical
approach appears to avoid the problem of agreeing on a prior assignment of
probabilities over outcomes that haunts Laplacianism, although it substitutes
a suspiciously similar problem, the need to agree on the class of mathematical
models that will be considered. (See Porter [1986] and Stigler [1986] for the his-
tory of these developments.) Unfortunately, as we will see below, this approach
is riddled with conceptual and logical inconsistencies, which can be traced back
to its failure to acknowledge the necessity of a consistent prior assignment of
probabilities in order to make coherent probability assessments. On the other
hand, we will also see that the actual methods developed by the classical statis-
ticians can be given a coherent interpretation on a rigorously Laplacian basis.

Classical statistics has given rise to a group of very widely used and very
influential statistical procedures, including the measurement of the “statisti-
cal significance” of the difference of outcomes from controlled experiments, the
practice of “accepting” or “rejecting” hypotheses on the basis of statistical anal-
ysis of data, and the analysis of correlation in experimental and historical data
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through “linear regression” methods. These methods I call “common statistical
practice.” One of the themes of this book is that these procedures, each of which
is flawed and incoherent in its usual presentation, express a logic which is more
robust than the classical theory that is commonly used to support them.

In the middle years of the 20th century a group of philosophically minded
mathematicians and physicists, including Bruno de Finetti, Leonard Savage,
Frank Ramsey, Harold Jeffreys and Edwin T. Jaynes, revived the Laplacian
point of view. The work of these scholars and their followers constitute a dev-
astating critique of classical frequentist logic and method, without, however,
completely resolving the problem of finding a universally acceptable prior as-
signment of probabilities to represent the objective, neutral or completely unin-
formed observer. Recent work on the informational content of models, especially
the “Minimum Description Length” concept of Jorma Rissanen Rissanen [2005],
offers a promising path to resolving this fundamental problem.

Savage and Ramsey put forward a radically strengthened version of Laplace’s
theory in the form of a set of behavioral axioms they claimed to represent “ra-
tionality.” Laplace’s axioms require a bettor to have a consistent assignment of
probabilities over all contingencies, but the Savage/Ramsey theory requires the
rational decisionmaker to have not only consistent probabilities over outcomes,
but also a consistent system of preferences over lotteries in outcomes. The Sav-
age/Ramsey theory has come to be called “Bayesian”. In an effort to avoid
unnecessary confusion, I will distinguish between the “Laplacian” position that
requires the bettor to have a consistent prior assignment of probabilities, and the
“Bayesian” position that also requires a consistent system of preferences over
lotteries in outcomes. A Bayesian is, a fortiori, a Laplacian, but a Laplacian
need not be a Bayesian according to these definitions.

0.2 Toward a unified interpretation of probability

The purpose of this book is to explain the analytical results reached by the
theories of probability and statistics from a unified Laplacian philosophical,
mathematical, and scientific point of view. It reports the results of my own
(undoubtedly idiosyncratic) attempt to reconstruct probability theory and sta-
tistical practice on a consistent, logical, workable, and, above all, teachable
basis. The spirit of the book is not to deal exhaustively with all possible objec-
tions to the interpretation proposed, but to set the theories of probability and
statistics out in positive terms that are pedagogically effective.

Much of this book repeats and amplifies the ideas of Laplace [1995], Jef-
freys [1939], de Finetti [1974] and Rosenkrantz [1989], Jaynes and G. Larry
Bretthorst (ed.) [2003], but I propose some significant innovations and modifi-
cations to their positions. The most important innovation is the elimination of
the concept of underlying unobserved parameters in statistical models, which I
hope to show is an unnecessary encumbrance of the theory. I call this approach
“operational” Laplacianism. It provides a logically satisfactory and complete
development of probability theory and statistical method which I hope will
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contribute to dispelling the fog of confusion that surrounds the application of
statistical technique. I believe that this approach can also alleviate the anxiety
that currently entangles many students of probability and statistics, when they
are taught conventional approaches which mystify and complicate the logic of
statistical analysis unnecessarily. The social and political importance assumed
by probabilistic and statistical arguments in the current era argues strongly for
a transparent and universally accessible pedagogy in the field.

My point of view is at heart Laplacian, in that I see probability statements
as expressing the state of information of some particular observer of a system,
not a property of the system itself. But I will show that many widely em-
ployed “classical” statistical techniques which are viewed as “objective” can be
interpreted as rigorous applications of the Laplacian theory with specific but in-
tuitively persuasive prior probabilities. Thus my first conclusion is that the long
debate between classical and Laplacian approaches to probability and statistics
is largely irrelevant from a scientific point of view, since they lead in practical
situations to the same results. This reformulation also puts common practice
statistical techniques on a transparent and logical foundation.

This re-interpretation, however, reveals other, more vexing, problems in the
application of statistical methods to scientific problems. These issues arise from
a recognition of our inability to use the statistical analysis of observed data to
decide between competing scientific theories. This fundamental point has been
fudged both in the development of statistical theory and in common applied
statistical practice. The traditional exposition of statistical technique, which
begins with a “true model” that is presumed to have “generated” the data
suggests by a rhetorical sleight-of-hand that statistical analysis of data can
recover the “truth”. In fact, statistical analysis can only refine opinions already
held on other grounds. I will argue that these other grounds do not lie so much in
our observation of the world as in certain deep human perceptual structures, for
example, our gestalt preference for smoothness, symmetry, and self-similarity
in the patterns through which we observe and explain the world. This book
will examine this problem in some depth from the point of view of establishing
quantitative measures of the complexity of hypotheses and models, and showing
how complexity of models can be traded off against their explanatory power.

This investigation reveals a further curious feature of the traditional rhetoric
of statistics. In fact, given the limitations of human life, we always confront a
finite number of observations of the systems we study. Furthermore, we know
that we and our successors will always have only a finite (though perhaps much
larger) set of observations on which to base our judgments. Nonetheless, classical
theories of probability and statistics make constant reference to infinite sets
of potential observations, whose properties are viewed as the “true” state of
affairs. This device in some situations makes the simplicity which we seek in
our explanations appear to be a feature of an external reality. In many situations
it does not make much difference whether we explicitly acknowledge our own
preference for simplicity as the basis of our judgments, or project this preference
into an imaginary “objective” reality. But in other situations the traditional
procedure can lead to serious confusions, both in obscuring patterns that we
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could perceive in data, and in suggesting that data can support conclusions that
by its very limitations it can not speak to. Much traditional statistical practice
makes data analysis the prisoner of unexamined prior assumptions which the
investigator adopts not because of her considered appraisal of their relevance to
the situation she confronts, but because they are deeply embedded in tools she
has been taught to see as “objective” methods of research.

A correct understanding of these points leads to a statistical practice which is
both less ambitious and more effective than traditional methods: less ambitious
in that it recognizes that data analysis cannot settle theoretical differences; more
effective in that it is more open to the revelation of significant patterns in the
data.
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Chapter 1

The principle of inverse probability

1.1 The statistical problem

Since you find yourself reading a book on statistical method, I presume that
you have in the past or anticipate you will in the future have some data you
want to analyze to answer some question of importance to you.1 This turns
out to be an interesting and challenging problem. It is complicated enough
that few researchers want to take the trouble to think it through themselves,
and wind up depending on methods other people have used to analyze other
data for other questions, which are enshrined in statistical “cookbooks” and
computer software. Even if you wind up leaning heavily on these crutches,
it is to your advantage to understand exactly what the logic behind received
methods is, because each of them has numerous hidden pitfalls that can lead to
erroneous, misleading, and even dangerous outcomes. This book is written to
explain as concisely and clearly as possible exactly what statistical methods can
and cannot do. Along the way we will survey the most commonly used methods
as examples.

The basic statistical difficulty is that while you have some data, you don’t
have all the data you wish you had to answer your question, or you do not have
as much confidence in your data as you would like. (If you did, you wouldn’t
be bothering with statistical method. You would just see what answer your
data gives to whatever your question might be.) You have asked some of the
voters whom they will vote for, but not all of them, and some of them may
actually vote differently or not vote at all on election day. You have tested a
drug on some patients, but not on all the patients who might benefit from it now
and in the future. You have some evidence on the impact of specific economic
policies on economic growth in particular countries in particular periods, but
in the nature of things you cannot observe the impact of those policies in all
countries over the whole future. What you would like to do is figure out what
answer you would arrive at if you had much more, or much more accurate, data.
Since you don’t have this other data, you are uncertain about what it might be.

1Some unfortunate students find themselves taking a statistics course only for the purpose
of fulfilling a requirement. I am presuming that no sane teacher, however resigned to dealing
with irrational requirements, would ever assign this book in such a situation.

1
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On the other hand, you must believe the data you actually have has something
to tell you about your question, or you wouldn’t be bothering to analyze it at
all. Effectively, the statistical problem is to predict what effect collecting more
or more accurate data would be on the answer to your question when you are
uncertain as to what the further data would actually be.

Statistics, remarkably enough, provides some powerful methods for attacking
this question. Like any methods, statistical methods only work when certain
specific assumptions hold for the question you are trying to analyze. We will
make these assumptions explicit in discussing specific statistical methods.

I believe that the clearest and simplest way to understand the logical foun-
dations of statistical reasoning is to use the principle of inverse probability de-
veloped extensively by Laplace and now known as “Bayesian” statistical theory,
because Laplace cited an obscure paper by the Reverend Bayes as the source
of this approach. As we will see, Bayesian statistics requires the unambiguous
statement of assumptions in statistical analysis in the form of a system of “prior
beliefs” held before any data enters the problem at all. The advantage of the
Bayesian approach is that once these prior beliefs are specified, the problem of
working out the statistical implications of data becomes a straightforward ap-
plication of simple rules of probability (though this process may involve rather
complex and sophisticated mathematical calculations in some contexts). As we
will see, it is often not so easy to get researchers to agree on the appropriate
system of prior beliefs to use in any situation, or even on general principles that
might guide the search for systems of prior beliefs. Some statisticians (even
very eminent ones) have tried to finesse these difficulties by proposing plausible
particular methods for data analysis, some of which work quite well in particu-
lar settings. But powerful mathematical theorems show us that any statistical
method must either be based on some (perhaps not explicitly stated) system of
prior beliefs, or else can lead to inconsistent conclusions. One of the main aims
of this book is to show that commonly used statistical techniques do indeed arise
from well-specified systems of prior beliefs, and therefore are Bayesian, even if
they are not always explicitly presented in that framework.

Since the statistical problem at its heart is a problem of dealing with uncer-
tainty (what would that extra data look like?), it is not surprising that probabil-
ity theory, which addresses the problem of uncertainty quantitatively, provides
the foundations for statistics. Since the work of Claude Shannon on information
theory in the 1940s it has become increasingly apparent that probability theory
is very closely related to the problems of optimal coding and information com-
pression. A good statistical model of data also provides a way of summarizing
that data in a compact form. This book takes this link as central to understand-
ing statistical analysis, and I will present the information-theoretic formulation
of probability theory systematically alongside more traditional approaches. A
clear understanding of the relation between information theory and probabil-
ity throws considerable light on the problem of specifying prior beliefs in the
Bayesian framework.

To begin with I will introduce a very simple model of probability, together
with an equally simple model of coding, as the basis for developing classic sta-
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tistical methods, and I will show how these ideas lead to a transparent under-
standing of the most basic statistical model, the binomial or “Bernoulli” model.
I then turn to the relation of information theory and probability theory, using
the multinomial, or “urn” model in which there are a fixed, finite number of
outcomes of each trial of an experiment as an extended example. (The binomial
model is the special case of this multinomial model when there are only two
possible outcomes.) With the preliminary framework established, I address the
mathematically somewhat more difficult problem of analyzing data in the form
of vectors of real numbers, which includes regression analysis. Information and
coding theory shed considerable light on the issues of model choice in both these
classic statistical problems. I then go on to discuss three recurring problems,
missing data, the “identification problem” relating correlation to causality, and
time series structure of the data within the overall framework established. The
discussion ends with a consideration of the problems of probability in quantum
theory, and the question of “universal priors”.

1.2 Mathematical probability: finite event spaces

The mathematics of probability require only the concepts of elementary arith-
metic. A minimal context for these definitions is the idea of an experiment
(a throw of dice, or spinning of a roulette wheel, or a clinical trial of a drug)
that has various possible outcomes. Statistics concerns experiments that can be
repeated and their outcomes counted.

1.2.1 Primitive events and probabilities

Suppose we have a finite set of k outcomes, or primitive events, E = {e1, . . . , ek},
the event space. From a purely mathematical point of view, a system of probabili-
ties or frequencies over the event space E is a corresponding list of k non-negative
numbers {p1, . . . , pk} that add up to 1:

pi ≥ 0, ∀i = 1, . . . , k (1.1)

k
!

i=1

pi = 1 (1.2)

We call pi as the probability or frequency of the corresponding event ei, and
write p[ei] = pi.2

1.2.2 Compound events and probabilities

A compound event, which we will for brevity call an event, is a subset of the
event space. We will denote compound events as A, B, . . .. The probability of

2In this book I will use square brackets to indicate functional dependence and parentheses
to group expressions. Thus p[e] is the probability of event e, while p(a + b) is the product of
the number p with the sum a + b.
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an event A is just the sum of the probabilities assigned to the primitive events
that belong to A:

P [A] ≡
!

ei∈A

p[ei] (1.3)

The complement of an event A, Ā, is the set of primitive events that are not
contained in A. Equation 1.2 implies that:

P [A] + P [Ā] = 1 (1.4)

The intersection of two events A and B, A∧B, is the set of primitive events
that belong to both:

A ∧ B = {ei | ei ∈ A and ei ∈ B}

The union of compound events A and B, A∨B, is the set of primitive events
that belong to one or the other:

A ∨ B = {ei | ei ∈ A or ei ∈ B, or both}

The probabilities of the intersection and union of compound events are re-
lated to the probabilities of the compound events by the relation:

P [A ∨ B] = P [A] + P [B] − P [A ∧ B] (1.5)

P [A] + P [B] counts the events in A ∧ B twice, so the probability of A ∧ B
has to be subtracted in order to arrive at P [A ∨ B].

A more symmetric way to express this relation is:

P [A ∨ B] + P [A ∧ B] = P [A] + P [B] (1.6)

1.2.3 Joint and conditional probabilities: Bayes’ Theorem

The probability P [A∧B] is called the joint probability of A and B. If P [B] ̸= 0,
the conditional probability of A given B, P [A | B] is the ratio:

P [A | B] ≡
P [A ∧ B]

P [B]
(1.7)

The conditional probability P [A | B] expresses the probability of the primi-
tive events in B that are also contained in A as a fraction of the whole probability
assigned to the event B.

When P [B] = 0 the conditional probability is undefined. From the definition
of conditional probabilities, it is clear that when they are well defined:

P [A | B]P [B] = P [A ∧ B] = P [B | A]P [A]

In the case where P [A] and P [B] are both positive, this relation implies
Bayes’ Theorem:
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P [A | B] =
P [B | A]P [A]

P [B]
(1.8)

This relationship, as we will see, can be seen as the foundation of all statis-
tical methods, since it expresses the impact of information (the fact that event
B has occurred, for example) on the probability assigned to A.

In Bayesian or Laplacian probability theory A is often called the hypothesis,
and B is called the data. Laplacians refer to P [A] as the prior probability of A,
since it represents the probability judgement of an observer who has not seen the
data B, and to P [A|B] as the posterior probability of A, since it represents the
probability judgement of an observer who started with the prior P [A] and then
used the data B to modify her opinion. P [B|A] is the likelihood, representing
the probability of the data B on the hypothesis A. Regarded as a function of
B holding A constant, P [B|A] is a well-defined assignment of probabilities to
all the possible values of the data. Regarded as representing the likelihood of
the hypothesis A holding the evidence B constant, P [B|A] does not sum to 1
over all possible hypotheses. P [B] is a normalizing term, to make the posterior
probability a proper probability distribution.

1.2.4 Exercises

Problem 1.1 The event space is E = {e1, e2}. List all the compound events
and calculate their probabilities on the assumption that p[e1] = 1/3.

Problem 1.2 The event space is E = {e1, e2, e3}. The events A = {e1, e2}, and
B = {e2, e3}. Calculate the probabilities P [A], P [B], P [A ∧ B], P [A ∨ B], P [A |
B], and P [B | A] on the assumption that p[e1] = 1/6 and p[e3] = 1/3.

Problem 1.3 An epidemic disease afflicts 1% of a country’s population. The
disease can be treated in its early stages when it, however, produces no directly
observable symptoms. The best test for the disease has a false-negative rate of
5%, that is 5% of the people who have the disease test negative, and a false-
positive rate of 2%, that is 2% of the people who do not have the disease test
positive. What is the probability that a person who tests positive actually has
the disease?

1.3 Repeated Bernoulli trials

The simplest model of statistical inference is the case of repeated Bernoulli
trials. This model is an excellent setting in which to understand the logic of
different systems of statistical inference. The methods we can use to analyze
Bernoulli trials generalize in a straightforward way to the more powerful and
flexible multinomial model.

The Bernoulli setting is a process which yields a sequence of measurements
which can take on only two values, which we will call hits and misses, or successes
and failures, or 1s and 0s. The sample data string is a string of symbols of length
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n reporting the outcomes of these measurements: {0110011010...}. We might
imagine, abstractly, a machine with a button and a digital readout. When
the researcher pushes the button, either a “1” or a “0” appears on the digital
readout. The researcher creates the sample data string by pushing the button
n times and recording the sequence that results. Each push of the button is a
trial, and the sequence of observations of the results of n trials the sample data
string.

In real life, making an observation of a Bernoulli trial is often much more
complicated and expensive than merely pushing a button. A medical researcher
running a clinical trial has to identify patients with certain standard diagnostic
indications, and then observe whether or not each patient recovers rapidly (a
“1”) or not (a “0”). Or the agronomist has to cultivate a large number of
plants to observe whether they grew more rapidly than some standard. Or the
pollster has to ask potential voters whether or not they will vote for a particular
candidate under controlled conditions.

Another useful way of thinking of the Bernoulli trial is as an urn model. An
urn is prepared with a n + m balls of two colors. (One color represents a “hit”
and the other a “miss”.)

Statistical analysis regards the sample data string as the first segment of
a longer string of n + m outcomes, the complete data string. The statistical
problem in the Bernoulli model is to make inferences about the complete data
string on the basis of the sample data string.

1.4 Fully informative statistics and exchangeability

The Laplacian method begins by formulating a prior probability distribution
over complete data strings. The number of complete data strings of size n + m
is 2n+m (since a 1 or a 0 can appear at each position in the string). A prior
probability distribution assigns a probability to each of these possibilities.

Bruno de Finetti showed that commonly used statistical methods rest on
the assumption that the prior probability distribution is exchangeable. An ex-
changeable probability distribution assigns the same probability to any two data
strings which are permutations of each other, that is, differ only in the order
in which the hits and misses appear. The assumption of exchangeability is
not enough by itself to determine a prior assignment of probabilities over data
strings, but it considerably restricts the possible range of priors.

It will make the succeeding development of the ideas of this book more
convenient if we phrase the assumption of exchangeability in a different, but
equivalent, form. We will assume that n + m, the size of, and n1 + m1, the
number of hits in the data string carry all the relevant information about the
data string. By this we mean that we assign the same prior probability for two
data strings that have the same size n+m, and the same number of hits n1+m1

, (or, equivalently, the same number of hits, n1 + m1, and misses n2 + m2).
In general for any model consisting of a set of hypotheses and any prior we

will call a set of parameters fully informative, if these parameters determine the
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prior probability assigned to the hypothesis.
In the case of Bernoulli trials the assumption that {n1 + m1, n2 + m2} is a

set of fully informative parameters is logically equivalent to exchangeability. If
{n1+m1, n2 +m2} are fully informative, two data strings that are permutations
of each other will be assigned the same prior probability because permutation
does not alter the number of hits and misses. If, on the other hand, we regard
the data strings as exchangeable, the only information relevant to our judgment
as to prior probability is the number of hits and misses, so that the set {n1 +
m1, n2 + m2} is fully informative.

Given the assumption that {n1 +m1, n2 +m2} is a fully informative param-
eter set (or that the prior over data strings is exchangeable), all that we care
about is the probability assigned to each class of data strings that have the same
number of hits and misses. To simplify language, I will use the terms “sample”
and “population” to refer to the classes of sample data strings and complete
data strings that have the same number of hits and misses. The prior proba-
bility assigned to each complete data string depends only on which population
it belongs to. Data strings that differ only in their order are indistinguishable
under the assumption of an exchangeable prior. Indistinguishable data strings
share out the probability of the population to which they belong.

We still have considerable latitude in assigning prior probabilities to pop-
ulations. We might, for example, have the prior belief that for given pop-
ulation size n + m we are equally likely to see any possible number of hits
n1 +m1 = 0, 1, ..., n+m. This turns out to be the prior that underlies common
practice statistical analysis. We might alternatively have the prior belief that
that every complete data string is equally likely. This would imply that we
think we are more likely to see a population with n1 + m1 near n+m

2 than near
0 or n + m, since there are many data strings with n1 + m1 near n+m

2 and only
one with n1 + m1 = 0 or n1 + m1 = n + m ({000...00} and {11111...1}).

1.5 The Likelihood for Bernoulli trials

Let us denote a complete exchangeable prior assignment of probabilities over
possible populations, whatever it is, as PI [{n1 + m1, n2 + m2}], meaning the
probability that the population consists of n1 + m1 hits and n2 + m2 misses in
n + m = n1 + m1 + n2 + m2 trials.

The sample information from n trials, which is actually a specific data string
of the form {010001 . . .11}, can be summarized under an exchangeable prior by
the sample statistics {n1, n2}. Consider the posterior probability of the hypoth-
esis that this sample came from a population with n1 + m1 hits in n + m total
trials, described by the parameters {n1 +m1, n2 +m2}. It is convenient to sup-
pose that the sample data string occupies the first n positions in the complete
data string (though it would make no difference what exact positions the sam-
ple data string occupies, given the exchangeability of the prior probabilities).
Furthermore, with an exchangeable prior the order of the hits and misses in the
sample data string will make no difference to the posterior probability, so that
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we can calculate posterior probabilities on the basis of the whole class of sample
data strings that have the statistics {n1, n2}.

Using Bayes’ Theorem, we can calculate the posterior probability of the
population with the parameters {n1 + m1, n2 + m2}, conditional on the sample
statistics {n1, n2}:

PI [{n1 + m1, n2 + m2}|{n1, n2}] =

PI [{n1 + m1, n2 + m2}]
PI [{n1, n2}]

PI [{n1, n2}|{n1 + m1, n2 + m2}]

The conditional probability, PI [{n1, n2}|{n1 + m1, n2 + m2}], is the propor-
tion of data strings of size n+m with n1 +m1 hits that have n1 hits in the first
n trials, and can be calculated as:

PI [{n1, n2}|{n1 + m1, n2 + m2}] =
C{n1,n2}C{m1,m2}

C{n1+m1,n2+m2}

Here C{n1,n2} = n!
n1!n2! is the number of combinations of n = n1 + n2 items

taken n1 (or n2) at a time. C{n1+m1,n2+m2} is thus the total number of different
data strings of size n + m that have n1 + m1 hits. There are C{n1,n2} ways to
assign n1 hits among the first n observations, and for each of these there are
C{m1,m2} ways to assign m1 further hits over m further observations, so that
C{n1,n2}C{m1,m2} is the total number of data strings of size n+m with n1 +m1

hits altogether that have n1 hits in the first n trials.
C{n1,n2}C{m1,m2}

C{n1+m1,n2+m2}
is the

likelihood, the proportion of data strings of size n + m with n1 + m1 hits that
have n1 hits in the first n trials.

Thus for any exchangeable prior, the posterior probability assigned to the
population {n1 + m1, n2 + m2} will be:

PI [{n1 + m1, n2 + m2}|{n1, n2}] =

PI [{n1 + m1, n2 + m2}]
PI [{n1, n2}]

C{n1,n2}C{m1,m2}

C{n1+m1,n2+m2}

1.5.1 Exercises

Problem 1.4 Calculate the number of combinations of the five letters a,b,c,d,e
taken three at a time first by enumerating all the possibilities, and second by
calculating C{3,2}, and show that the results are the same.

Problem 1.5 Calculate the number of data strings of size n + m = 5 with
n1 +m1 = 3 hits first by writing out all the possibilities, and then by calculating
C{3,2}, and show that the results are the same.

Problem 1.6 Count the number of data strings of size n+m = 5 with n1+m1 =
3 hits which have n1 = 2 hits in the first n = 3 observations. Compare your
result with the formula C{2,1}C{1,2}.
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1.6 Bernoulli Posterior with uniform prior

It turns out that common statistical practice makes the prior assumption that,
given the population size, n+m, any population parameter n1+m1 = 0, 1, ..., n+
m is equally likely. With this uniform prior over the number of hits in a popu-
lation, the ratio

PI [{n1 + m1, n2 + m2}]
PI [{n1, n2}]

=
n + 1

n + m + 1
,

since there are n + 1 equally likely possible results of the first n trials (n1 =
0, ..., n), and n+m+1 equally likely possible populations (n1+m1 = 0, ..., n+m)
from which the sample could conceivably have been drawn. Thus the posterior
probability of seeing n1 + m1 hits in n + m total trials, given that we have seen
n1 hits in n trials, consistent with this uniform prior is the Bernoulli Posterior :

BP[{n1 + m1, n2 + m2}|{n1, n2}] =
n + 1

n + m + 1

C{n1,n2}C{m1,m2}

C{n1+m1,n2+m2}
(1.9)

1.6.1 Bernoulli Posterior when m = 1

If we take m = 1, it is easy to show that:

BP[{n1 + 1, n2}|{n1, n2}] =
n1 + 1

n + 2

Laplace called this the Law of Succession. Its validity depends, of course,
on the particular assumption we have made about the prior probability.

1.6.2 Exercises

Problem 1.7 Prove Laplace’s Law of Succession, under the assumption of a
sample uniform prior.

Problem 1.8 Count the number of data strings of size n + m = 5 with n1 = 2
hits in the first n = 3 observations that have m1 = 0, 1, 2 hits in the last m = 2
observations. Compare this with the Bernoulli Posterior.

Problem 1.9 A scientist has observed n1 = 4 hits in n = 10 experimental
trials. What is the Bernoulli Posterior probability that she will observe m1 =
0, 1, . . . , 10 hits in a further m = 10 trials?

1.6.3 The Bernoulli Posterior distribution as m → ∞

We can use Stirling’s approximation to find asymptotic approximations to BP[{n1+
m1, n2 + m2}|{n1, n2}].

Stirling’s formula approximates the factorial by:
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n! ≈ e−nnn
√

2nπ

A little manipulation shows that, defining q1 ≡ n1+m1
n+m and q2 ≡ n2+m2

n+m :

C{n1+m1,n2+m2} ≈
q−(n1+m1)
1 q−(n2+m2)

2
"

2q1q2(n + m)π

The BP is proportional to:

C{m1,m2}

C{n1+m1,n2+m2}

Now, if m ≫ n, we can take m1
m ≈ q1. Thus for large m we have:

C{m1,m2}

C{n1+m1,n2+m2}
≈

qn1+m1
1 (q2)n2+m2

qm1
1 qm2

2

√
2q1q2mπ

"

2q1(q2)(n + m)π

≈ qn1
1 qn2

2

Thus the limit of the BP as a function of {q1, q2} as m → ∞ is (including
the normalizing constant) the Relative Entropy distribution:

RE[{q1, q2}|{n1, n2}] =
(n + 1)!

n1!n2!
qn1
1 qn2

2 (1.10)

We can also write this distribution in the form:

RE[{q1, q2}|{n1, n2}] ∝
#

qp1
1 qp2

2

pp1
1 pp2

2

$n

= e−nH[{p1,p2}|{q1,q2}]

Here the function H [{p1, p2}|{q1, q2}] is the relative entropy (or Kullback-
Leibler distance) of the distribution {q1, q2} to the distribution {p1, p2}, defined
as:

H [{p1, p2}|{q1, q2}] ≡ p1 ln[
p1

q1
] + p2 ln[

p2

q2
]

The relative entropy (see chapter 3) is a general measure of the difference
or distance between the two distributions. It reaches its minimum at 0 when
q1 = p1. Thus the asymptotic Bernoulli Posterior distribution of {q1, q2} given
n, {p1, p2} as m → ∞ is inversely proportional to the relative entropy of {q1, q2}
to {p1, p2}. The Relative Entropy posterior gives the highest probability to fur-
ther outcomes {q1, q2} that are similar to the observed data {p1, p2} in the sense
that the relative entropy between them is small. The most similar outcome, of
course, is exactly when q1 = p1.

The Relative Entropy approximation to the Bernoulli Posterior distribution,
which is valid for large m, including the normalizing factor is:

RE[{q1, q2}, m ≫ n; {p1, p2}, n] =
(n + 1)!pn1

1 pn2
2 n1!n2!

e

−nH[{p1,p2}|{q1,q2}]

=
(n + 1)!

n1!n2!
qn1
1 qn2

2
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1.6.4 Exercises

Problem 1.10 Use Stirling’s Approximation to derive:

C{n1,n2} ≈
p−n1
1 p−n2

2√
2p1p2nπ

Problem 1.11 Show that RE[{q1, q2}, m ≫ n; {p1, p2}, n] is a well-defined prob-
ability distribution that integrates to 1.

Problem 1.12 Show that RE[{q1, q2}, m ≫ n; {p1, p2}, n] has the same mean
and variance as BP[{q1, q2}, m; {p1, p2}, n] for large m.

Problem 1.13 Show that H [{p1, p2}|{q1, q2}] for given {p1, p2} reaches its min-
imum at zero for q1 = p1 (remembering that p2 = 1 − p1 and q2 = 1 − q1.

1.6.5 The Bernoulli Posterior and the hypergeometric probability distribution

Despite the appearance of the hypergeometric factor
C{n1,n2}C{m1,m2}

C{n1+m1,n2+m2}
, BP is not

a hypergeometric probability distribution. In the hypergeometric distribution
the total number of hits n1 + m1 is held constant for given n + m, while the
number of hits in the subsamples, n1 and m1 vary, but in the Bernoulli Posterior,
n1 is held constant, so that m1 varies along with n1 + m1. This is why the
hypergeometric factor has to be multiplied by the normalizing constant n+1

n+m+1
in the Bernoulli Posterior.

Figure 1.1 shows a bar graph of the hypergeometric factors for n = m = 7.
The hypergeometric probability arises by considering a diagonal of this plot,
representing a certain total number of hits, say the diagonal n1 + m1 = 8, as
illustrated in Figure 1.2. It turns out that the hypergeometric factors always sum
to unity along such a diagonal. The Bernoulli Posterior arises by considering a
vertical section of this plot for a given value of n1, allowing m1 to vary from 0
to m, as illustrated in Figure 1.3. The sum along such a section is n+m+1

n+1 .

1.6.6 Exercises

Problem 1.14 Verify that BP[{n1 + m1, n2 + m2}; {n1, n2}] is in fact a prob-
ability distribution by summing it for m1 = 0, .1, ...m.

Problem 1.15 Show that the mean of BP[{n1 + m1, n2 + m2}; {n1, n2}] is
n1+1

n1+n2+2m (as we would expect from Laplace’s Law of Succession).

Problem 1.16 Show that the variance of BP[{m1, m2}; {n1, n2}] is

m
n1 + 1

n + 2
(1 −

n1 + 1

n + 2
)(

n + m + 2

n + 3
)
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C{n1,n2}C{m1,m2}

C{n1+m1,n2+m2}
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given n1).
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1.7 The Normal Approximation to the Bernoulli Posterior

The Bernoulli Posterior can be approximated by a Normal Probability Distri-
bution. While the Bernoulli Posterior assigns probability weight only to a finite
set of points (corresponding to m1 = 0, 1, ..., m), the Normal Probability Distri-
bution assigns probability to every interval on the real line, equal to the integral
of the Normal Probability Density Function over the interval.

The normal approximation to BP[{n1+m1, n2 +m2}; {n1, n2}] has the same
mean and standard deviation for m1 as the BP itself:

µm1 =
n1 + 1

n + 2
m =

n1 + 1

n1

n

n + 2
p1m

σm1 =

%

m(
n1 + 1

n + 2
)(1 −

n1 + 1

n + 2
)(

m + n + 2

n + 3
)

For BP[{q1, q2}, m; {p1, p2}, n], the mean and standard deviation are:

µq1 = (
n1 + 1

n1
)(

n

n + 2
)p1 → p1 as n and n1 → ∞

σq1 =

%

(
n1 + 1

n + 2
)(1 −

n1 + 1

n + 2
)(

1

m
)(

m + n + 2

n + 3
) →

%

p1p2(m + n)

mn

as n and m → ∞

Thus for large n, the Bernoulli Posterior distribution of q1 is approximately

N [p1,
&

p1p2(m+n)
mn ]. Figures 1.4, 1.5 and 1.6 show the normal approximation for

n = 1000, p1 = .5, and m = 100.
In general, even when n and m are not very large, and even if p1 is close to

0 or 1, the Bernoulli Posterior is well approximated by the Normal. Figure 1.7
illustrates this fact for n = 25, p1 = .1, and m = 10.

When m is very much larger than n, the standard deviation of the BP
simplifies even further to σq1 =

"

p1p2/n.
Before cheap and powerful computers were available, Normal Approxima-

tions of this type played a crucial role in statistical practice, because it was
infeasible to calculate exact probabilities for large n and m. Under these cir-
cumstances approximations were the only way to get practical results from the
theory. The drawback to approximations is that they transform the intuitively
appealing expressions that arise directly from the theory and its assumptions
(such as the Bernoulli Posterior) into expressions, like the Normal Distribution,
which are easier to calculate or tabulate, but have less direct reference to the
underlying statistical situation.

With the advent of powerful, cheap computers, there is in principle no rea-
son to use approximations, although the approximation methods continue to
be employed, in part because of their entrenchment in textbooks, which are
notoriously slow to adapt to new circumstances. The Normal Approximation
to the Bernoulli Posterior is useful, however, in another way, in that if one can
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Figure 1.4: The normal approximation to the Bernoulli

Posterior for n = 1000, p1 = .5, and m = 100.

0.2 0.4 0.6 0.8 1

0.01

0.02

0.03

0.04

0.05

0.06

0.07

BernoulliProb

Figure 1.5: The actual Bernoulli Posterior for n = 1000,

p1 = .5, m = 100.
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Figure 1.6: The normal approximation and the actual val-

ues of the Bernoulli Posterior for n = 1000, p1 = .5, and

m = 100. On this scale the difference is barely visible.
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even for n = 25, p1 = .1, and m = 10.
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remember the formula for the mean, µq1 = p1, and the standard deviation for
very large m, σq1 =

"

p1(1 − p1)/n, and the fact that an interval two standard
deviations wide around the mean includes 95% of the probability of the normal
distribution, it is possible to do simple probability analyses in one’s head.

1.7.1 Exercises

Problem 1.17 Compare the normal approximation to the Bernoulli Posterior
probabilities for the case described in Problem 1.9.

Problem 1.18 A scientist observes p1 = .7 hits in n = 100 trials of an ex-
periment. Use the Normal Approximation to the Bernoulli Posterior to find an
interval centered on p1 = .7 that would contain 95% of the posterior probability
for q1 when m = 100.

1.8 Common statistical practice

The Bernoulli Posterior is the posterior probability mass function for q1 for
any m. When m is large, the corresponding q1 intuitively corresponds to the
parameter θ, the “tendency” for the process to produce hits, or, speaking loosely,
the proportion of hits in a population of infinite size. In fact, opinions about q1

for large m function just as well as opinions about θ in any practical situation.
As we would expect, larger values of m give rise to a tighter distribution

of q1. Figure 1.8 illustrates this effect for n = 1000, p1 = .5, m = 10, 100,
and 10000. This effect represents the fact that given our information about the
process we are more certain about the proportion of hits to be observed in a
larger hypothetical population.

But as m becomes large, the Bernoulli Posterior distribution converges to
a nondegenerate limit, as Figure 1.9 illustrates. The residual uncertainty rep-
resented by the limiting distribution is due to the limited information a finite
sample conveys about the process under study. No matter how large m becomes,
there remains residual uncertainty arising from the finiteness of n.

1.8.1 The Normal Approximation to the Relative Entropy

Since −nH [{p1, p2}|{q1, q2}] = n(p1ln[p1/q1] + p2ln[p2/q2]), if we write p1/q1 =
1+(q1− p1)/p1 and p2/q2 = 1+(p1− q1)/(1− p1) when q1 is close to p1 we can
use the Taylor approximation ln[1+x] ≈ x−x2/2 to write the relative entropy:

−nH [{p1, p2}|{q1, q2}] ≈ np1[
q1 − p1

p1
−

1

2
(
q1 − p1

p1
)2]+(1−p1)(

p1 − q1

1 − p1
−

1

2
(
p1 − q1

1 − p1
)2)

= n((q1 − p1) + (p1 − q1)) −
1

2

(q1 − p1)2

p1(1 − p1)

= −
(q1 − p1)2

2p1(1 − p1)/n
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Figure 1.8: The Bernoulli Posterior distribution (plotted

for n = 1000, p1 = .5) becomes narrower as m rises from 10
to 100 to 10000.
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Figure 1.9: The Bernoulli Posterior distribution (plotted

for n = 1000, p1 = .5) converges as m rises from 104 to 106

to 108. The difference between the distributions for m = 106

and 108 cannot be seen at all on the scale of this plot.
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Thus we can approximate the Relative Entropy Distribution of q1 for m ≫ n
by a Normal Distribution with mean p1 and standard deviation

"

p1p2/n.

RE[{q1, q2}, m ≫ n; {p1, p2}, n] ≈
1

√
2π

"

p1(p2)/n
e−

(q1−p1)2

2(p1p2)/n

Notice that the standard deviation of the Normal Approximation to the
Relative Entropy is the same for large m as the standard deviation of the Normal
Approximation to the Bernoulli Posterior.

1.9 Informational economy in the Bernoulli model

One of the main motivations of statistical analysis is to encode large amounts
of data in a form which is easier for a user to process. The Bernoulli model ac-
complishes this by assuming that the data user is interested in forming posterior
probabilities over the proportion of hits that would be observed in a hypoth-
esized population describing the process. Instead of reporting the actual data
observations, which would require n bits of information (one bit for each trial),
the researcher reports only the number of hits and misses, which requires on
the order of log2[n] bits, a considerable saving. This informational economy can
also be exploited by reporting the mean and standard deviation of the posterior
probability distribution, carrying the same information, which allows the user to
reconstruct the posterior probabilities quite accurately. We will see in chapter
3 how to quantify the informational gains from statistical analysis.



Chapter 2

Frequentist inference for Bernoulli trials

2.1 The classical parametric approach

Classical parametric statistical method rests on the notion that the data to be
analyzed has been generated by a “true model”, characterized by its imagined
behavior in an infinite sequence of trials. For example, if the sample data string
consists of observations on a sequence of Bernoulli trials, the classical statistician
assumes that each observation is the outcome of a random variable that can take
on two values 1 (a ”hit”) or 0 (a ”miss”), with a probability θ of a hit on each
trial, and necessarily, a probability 1 − θ of a miss. On the assumption that
the trials are independent, the probability of seeing n1 hits in n trials can be
calculated by the following method. The probability of any sequence of hits and
misses {1, 0, 1, 1, ...0}, with n1 hits, is just θn1(1 − θ)n2 . (Thus the property of
exchangeability in the Laplacian approach is represented by the notion of the
independence of the random variables describing the trials in the frequentist
approach.) The number of such sequences is given by the binomial coefficient,
C{n1,n2} = n!

n1!n2!
. (Notice that this is just the same as the number of distinct

sequences with n2 hits and n1 misses.) The probability of seeing a data string
with n1 hits and n2 misses, assuming an independent probability θ of a hit on
any one trial is then:

C{n1,n2}θ
n1(1 − θ)n2

This assignment of probabilities is consistent, as we can see by expanding
the binomial series (θ + (1 − θ))n = 1n = 1:

1 = (θ + (1 − θ))n =

θn+C{1,n−1}θ
n−1(1−θ)+C{2,n−2}θ

n−2(1−θ)2+...+C{n−1,1}θ(1−θ)n−1+(1−θ)n

Given the parameter θ, we can then calculate the probability of observing
any sample {n′

1, n
′
2} with n′

1 hits and n′
2 misses. Now suppose we actually have

a sample {n1, n2}. What can we say about the value of θ?
From the classical point of view, one thing we cannot say about θ is the

thing we are most tempted to say, namely that θ has a certain probability of

21
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lying in some particular interval between 0 and 1. This is because the classi-
cal statistician reserves probability statements for random variables, and θ, by
assumption, is not a random variable with a variety of realizations, but a fixed
parameter that we assume has one particular value. So the classical statistician
is forced into a series of rather unintuitive circumlocutions, which make the lives
of students more complicated, and in some cases can badly mislead the users of
the methods in their interpretation of the data.

The classical statistician proposes to “estimate” θ, that is, to calculate some
function of the sample data string which he hopes bears a close relation to
the “true” value of θ. In the case of repeated Bernoulli trials it is natural to
estimate θ by p1 = n1/n, the proportion of hits we have actually observed. p1

is a random variable, given θ, and the classical statistician can therefore make
probability statements about its distribution. The probability of any p1 = n1/n
is just C{p1n,p2n}θ

p1n(1 − θ)p2n. It is easy to show that the highest probability
for p1 lies close to θ, which is encouraging. But clearly there is a chance that
p1 may be far away from θ. To warn the user of this possibility, the classical
statistician calculates a confidence interval corresponding to a probability 1−P
(say, 95%) to add to and subtract from the estimate p1. This confidence interval
is constructed so that 1−P percent of the time it will include the true parameter
θ. That is, and here is where the story becomes rather unintuitive, we imagine
that we can do our experiment many times, each time selecting a sample of
size n, calculating the estimate p1, and the confidence interval. In each of
these imaginary repetitions of the experiment the value of p1 and the confidence
interval will be different. We can say, however, that in 1−P% of these repetitions
the “true” value of the parameter θ will lie in the confidence interval we have
calculated from the data for that particular experiment.

We can calculate this confidence interval from tables of binomial probabili-
ties. If n is fairly large, however, a computational shortcut is available, since the
binomial probabilities assigned to various outcomes p1 are well approximated
by the normal probability distribution with mean θ and standard deviation
"

θ(1 − θ)/n. It turns out that for n reasonably large the confidence interval

corresponding to P can be calculated by adding and subtracting z(1−P )
"

2p1(1−p1)
n

to

and from p1, since the Normal Probability Distribution with µ = 0 and σ = 1
has a cumulative probability (1 − P )/2 lying beyond z(1 − P )/2.

The classical statistician sometimes summarizes the sample in relation to a
specific value of θ, say θ′, by asking whether θ′ lies in the 1−P -sized confidence
interval calculated from the sample. If it does not, the classical statistician
“rejects the hypothesis that θ = θ′ at the level P .”

For example, suppose that we have observed 372 hits in n = 1000 observa-
tions, for a p1 = .372. We take θ = .372 as our best estimate of the underlying
parameter. The standard deviation is

"

.372(.638)/1000 = .0153. If we want to
calculate the 1−P = 95% confidence interval for θ, we can take z(1−P )/2 ≈ 2,
since close to 95% of the weight of a standard normal probability distribution lies
between -2 and +2. 2 (.0153) = .03, so that the confidence interval is .372± .03,
that is, the interval from .342 to .402. If we want to “test” the hypothesis that
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θ = .5, for example, we see that .5 lies outside this confidence interval, so we
“reject” the hypothesis at the 5% level of significance.

As we have seen, since the Bernoulli Posterior for q1 is well approximated for
large m by the normal probability distribution with mean p1 and standard devi-
ation

"

p1(1 − p1)/n, the confidence interval calculated by the classical statisti-
cian corresponds to a region that has a 1−P posterior probability for q1 (which
represents θ for all practical purposes). Thus the actual calculation the classical
statistician makes is effectively the same as that of the operational Laplacian.
Only the interpretation is different. The operational Laplacian reports her opin-
ion as to the probability that in a further large sample of observations on the
process, the proportion of hits observed will be any particular value q1, which is
what most people want to know. The classical statistician, on the other hand,
asks us to think about what proportion of a large number of repeated samples
of size n will result in a confidence interval covering the “true” value of the
parameter θ.

2.1.1 Criticisms of the classical approach

There are several troubling aspects to the classical interpretation.
First, we might philosophically question the posited parameter θ. In gen-

eral, data arises from real interactions in complicated systems. At the physically
macroscopic level at which most statistical analysis (including social statistics)
operates, the irregularities we view as random are the result of determinis-
tic chaotic motions of the system. The statistical regularities we see in data
generated by chaotic systems reflect the deep structure of the dynamical laws
governing them. The parameter θ is at best a metaphor for these regularities.
As we have seen in our development of the operational Laplacian approach, we
can in fact get rid of θ altogether without losing any insight from the statistical
analysis of Bernoulli trials.

Second, even if we accept θ as a metaphor describing some aspect of a
complex system, it doesn’t make much sense to “reject” some values of θ on
the basis of a finite sample data string. The problem is that any value of θ
between 0 and 1 could in principle produce any finite sample data string. For
example, it is possible for a Bernoulli model with θ = .1 to produce 52 hits
in 100 observations, and in fact in a very large sample we would be surprised
if we did not observe a certain number of such episodes. It is true that if
we have only the information contained in the sample of 52 hits out of of 100
observations, we would from an operational Laplacian point of view put a low
posterior probability on observing only q1 = .1 hits in a large population, but we
would not rule these contingencies out of consideration. It would be extremely
imprudent for us to proceed as if q1 = .1 were impossible on the basis of this
evidence. It is obviously more prudent for us to allow for all the possibilities
consistent with the data we have, weighting them according to their posterior
probability.

Laplacians such as Bruno de Finetti [de Finetti, 1974], Box and Tiao [Box
and Tiao, 1973], and E. T. Jaynes [Jaynes and G. Larry Bretthorst (ed.), 2003]
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have argued on the basis of these criticisms that subjective philosophies of proba-
bility provide a clearer and more coherent foundation for the theory of statistical
inference than classical methods.

The edifice of confidence intervals and rejection tests for hypotheses in fact
appears to be a somewhat garbled version of Laplacian logic. The results, the
numerical formulas, are correct, but the interpretation of the formulas and their
logical derivation are confused and misleading.

2.2 The infinite population Laplacian analysis of Bernoulli trails

Many Laplacian statisticians work in a model in which the aim is to make
posterior probability statements about unobserved parameters that characterize
an infinite population, such as the parameter θ which can be interpreted as the
tendency of a system to produce hits.

Such a Laplacian approaches the analysis of Bernoulli trials in the following
way. She believes that there is a “true” model consisting of independent repeated
Bernoulli trials with a given parameter θ, which we do not know. We have
observed a sample of size n with n1 hits and n2 = n − n1 misses. We think of
the issue as formulating posterior probabilities over θ, given this information.

We can write the probability assigned to the “event” that θ lies in any
interval (θ′, θ′ + dθ′) according to Bayes’ Theorem:

PI [θ
′|{n1, n2}]dθ′ =

PI [θ′]dθ′

PI [{n1, n2}]
PI [{n1, n2}|θ′]

The posterior probabilities assigned to any interval are proportional to our
prior probability for the same interval multiplied by the likelihood that we would
see {n1, n2} given that θ was actually in the interval in question. We assume,
parallel to the frequentist analysis, that this likelihood is the binomial proba-
bility:

PI [{n1, n2}|θ′] = C{n1,n2}θ
′n1(1 − θ′)n2

In principle, then, all we have to do is to specify our prior assignment of
probability for θ over the interval [0,1], integrate the resulting function in order
to normalize it, and we can calculate the corresponding posterior probability
distribution for theta given the sample {n1, n2}. Once we have specified a
prior probability distribution M [θ′]dθ′ over the interval [0,1], consistency will
require us to assign to every possible outcome of the sampling experiment n1 =
0, 1, ..., n, the probability:

PI [{n1, n2}] =

' 1

0
C{n1,n2}θ

′n1(1 − θ′)n2dM [θ′]dθ′

Thus it is very desirable, though not logically necessary, for the prior prob-
ability distribution M [.] to have a form which allows it to be integrated easily
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when multiplied by the binomial probability C{n1,n2}θ
′n1(1 − θ′)n2 . Such dis-

tributions are called the natural conjugates of the binomial family. It turns out
that the family of distributions which has this property is the Beta[a, b] family
of distributions.

The Beta probability law has the convenient probability density:

Beta[θ; a, b] = θa−1(1 − θ)b−1 Γ[a + b]

Γ[a]Γ[b]

Here Γ[a] is the Gamma function, which generalizes the factorial, in that
Γ[n + 1] = n!.

Thus the parametric Laplacian tells us that when we adopt the natural
conjugate prior our posterior probability for θ over an interval (θ′, θ′ + dθ′) will
be proportional to:

C{n1,n2}θ
′n1+a−1

(1 − θ′)n2+b−1dθ′

where a and b are parameters of the Beta distribution we have chosen to repre-
sent our prior assignment of probabilities for θ over the interval [0,1].

Notice that, when a = b = 1, this is also the limiting Bernoulli Posterior
distribution of q1 given the sample {n1, n2} for m → ∞. In fact, the Beta[1,1]
prior over θ implies a uniform distribution of the number of hits n1 in a sample
of size n over its possible values n1 = 0, 1, ..., n, which is the prior that leads to
the Bernoulli Posterior.

Thus, not surprisingly, the operational Laplacian Bernoulli Posterior for q1

reproduces asymptotically the Bayesian posterior for the unobservable infinite-
population parameter θ. Instead of asking for the probability that the parameter
θ lies in a given interval, given the observation {n1, n2}, we ask for the posterior
probability that the proportion of hits q1 in a further large sample of size m lies
in a certain interval, on the assumption that the two samples are exchangeable.
There is a philosophical objection to making probability statements (bets) on the
in-principle unobservable parameter θ, but there is no philosophical objection
to betting on the in-principle observable statistic q1. Furthermore, opinions
about q1 for large m will serve just as well as opinions about θ in any practical
situation.

Once we have the posterior probability distribution for q1, we can sensibly
answer any relevant question about it. For example, we can calculate the pos-
terior probability that q1 will lie in a given interval, which may be very small
given the data, but will never be zero. If we have to take some action whose
consequence depends on q1, we can hedge our decision by averaging out the con-
sequence over all the possibilities for q1 with respect to this posterior probability
distribution.

But the Laplacian analysis of the infinite-population parameter θ leaves us
with nagging questions, and pedagogical problems. The introduction of the
prior on the one hand promises a kind of exhilarating subjective freedom of
choice (“we can have any prior we want!”), but also a gnawing anxiety (“I don’t
know anything about this subject, so how can I formulate a prior probability
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anyway?”). Then this freedom of choice seems to be snatched away by the math-
ematical requirement that the prior be one of the family of natural conjugates.
Finally, the introduction of the conjugate priors raises the mathematical level of
sophistication of the analysis a notch, making it unavailable to students whose
grasp of integral calculus is shaky, which in practical terms is an awful lot of
students. As a result the infinite population Laplacian approach, satisfactory as
it is logically, will be taught at an advanced level, if at all, leaving the enormous
field of elementary statistics to the logically incoherent and methodologically
misleading frequentist cookbook.

2.2.1 Exercises

Problem 2.1 Show that the Beta[1,1] prior over θ implies a uniform distri-
bution of the number of hits n1 in a sample of size n over its possible values
n1 = 0, 1, ..., n.

2.3 Fully informative and sufficient statistics

In frequentist statistical theory the concept of a sufficient statistic appears.
Given a parameterized model, with a parameter θ a statistic t is sufficient for
θ if the likelihood of θ depends only on t. For example, in the Bernoulli trials
model, given the sample size n, the proportion of hits p1 is a sufficient statistic
for the unobservable parameter θ. The sufficiency of a statistic is a theorem
that can be proved given the particular parameterized model in question.

The concept of a fully informative statistic, on the other hand, is a form of
prior belief about the process generating the data. An investigator who regards
a set of statistics as fully informative assigns the same prior probability to any
two samples that produce the same values for those statistics. For example, in
the Bernoulli trials model, if we regard {n1, n2} as fully informative, we assign
the same prior probability to any two samples of the same size that have the
same number of hits. As we have seen, this is the equivalent to assuming the
exchangeability of the data strings in De Finetti’s sense.

A set of statistics that are jointly sufficient for all the parameters of a model
is fully informative, since we can calculate the prior probability of any sample
data string by integrating the likelihood function with respect to the prior over
the parameters. Since by definition the sufficient statistics are all that matter
in the likelihood function, we will assign the same prior probability to any two
sample data strings with the same sufficient statistics.

The operational Laplacian who regards a set of statistics as fully informative
need not, however, view them as sufficient for any particular parameterized
model. This point is not well illustrated by the case of Bernoulli trials, where
there is a strict mathematical equivalence between regarding {n1, n2} as fully
informative and adopting a parameterized model of independent trials. But
in other contexts, such as multivariate linear regression analysis, there is a
distinction. The assumption that a set of statistics is fully informative is weaker
than the adoption of a parameterized prior with sufficient statistics precisely
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because the assumption that a set of statistics is fully informative does not
require the adoption of any particular parameterized model as a prior.

2.4 Summary

One of the main aims of this book is to show that parameters that purport
to describe unobservable tendencies of systems, or equivalently, unobservable
proportions of outcomes in infinite populations, can be dispensed with, at least
in the most commonly used statistical models. The advantage of this procedure
is that it leads to a simpler and more persuasive formulation of prior probability
assignments that represent a lack of information about the process under study.
In the Bernoulli trials case, for example, we can formulate priors directly over
the finite population parameters {n1 + m1, n2 + m2}. In this frame there is
a salient prior representing a complete lack of information about the process
to be studied, the uniform assignment of probability over all the possibilities
m1 = 0, 1, ..., m. (We will consider the problem of assigning prior probabilities
to the size of the population in chapter 3.)

The operational Laplacian analysis simplifies the mathematics and clarifies
the logic of statistical inference, and at the same time puts the analysis on a
philosophically more defensible basis, by eliminating reference to unobservable
infinite entities. The operational Laplacian approach also shows that common
practice statistical technique (the analysis of Bernoulli trials, and, as we will
see, multivariate linear models) is in fact more robust than the conventional
infinite parametric presentation suggests. Common practice statistical analysis
is best viewed as a finite parametric method that rests on weak and general
informational assumptions.



Chapter 3

Probabilities and information

The close relationship between probabilities and information is intuitively in-
escapable when we think of probabilities in terms of bets. It is not hard to see
that revealing even a single card can lead a poker player to choose a different
betting strategy. The formal mathematical links between probabilities and in-
formation became apparent to the pioneers of statistical physics in the last half
of the nineteenth century, and crystallized in the work of Claude Shannon in
the nineteen-forties.

The setting for information theory is the problem of transmitting a message
over a communications channel. In its abstract form, the message is conceptu-
alized as one member of a finite set of possible messages that are known to both
the sender and receiver. Paul Revere’s alarm to the Minutemen in Concord
and Lexington depended on the knowledge of whether the British army were
approaching by land or water routes. He and his partner then knew that the
critical message would be either “by land” or “by sea”, which suggested their
communications channel consisting of the hanging of one or two lanterns in the
belfry of the Old North Church.

This example illustrates the practice of encoding a message as a finite string
of symbols from a finite alphabet. For example, the ubiquity of digital computers
has made us familiar with the idea that any message (text, graphics, sound) can
be reduced to a string of 0s and 1s. Here the alphabet is the set {0, 1}. If we
have two possible messages we can encode one of them as 0 and the other as
1. If we have four possible messages we can encode them as 00, 01, 10 and 11.
It is not hard to see that when n is a power of 2 it is possible to encode a set
of n messages in log2[n] bits. When n is not a power of 2, log2[n] will have a
fractional part. In practice since it is impossible to transmit a fraction of a bit
this means that we have to “round up” to the next highest integer number of
bits. In many calculations, however, this rounding process adds no qualitative
insight, and we will simplify the exposition by omitting it.

Assigning a different binary number to each of the possible messages might
not, however, be the most efficient way to set up a communication channel.
This procedure would assign a five bit binary number to each of the letters
of the alphabet (ignoring case). But we know that in ordinary language text
transmissions some letters of the alphabet appear much more often than others.

28
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In English the most frequent letters are “e”, “t”, “a”, “i”, “o”, “n”, and “s”.
It would be possible to transmit more text information over a communication
channel by assigning a shorter binary string to these letters than to rare letters
like “q” and “z”. This possibility alerts us to another issue. Suppose we assign
the string “0” to “e”, the string “1” to “t” and the strings “00” through “10”
to “a”, “i”, “o”, and “n”. Now we receive the string “11001011011”. One way
to decode this string is as the word “nation”, but another way is “tteetettett”.
To avoid this ambiguity, we must choose codes such that no symbol’s code word
is the same as the beginning of another symbol’s code word. (These codes are
called prefix codes.) Thus if we want to encode “e” as “0”, every other letter’s
code word must start with “1”. We could not then encode “t” as “1” if we
were going to have code words for the other letters. We would have to encode
“t” as “10”. But if we then assigned “a” “11”, we would have used up all the
possibilities, so “a” might be assigned “110”, “i” “1110”, and so on.

The problem of assigning code words efficiently to message sets is at its heart
the same as the problem of compressing the information in a system. Computer
compression algorithms operate on this same principle. In a typical text file, for
example, certain sequences of characters (or bits) are much more common than
others, and the compression algorithm counts the relative frequency and assigns
short codes to the more common sequences. Lossless compression algorithms
have the property that it is possible to restore the exact original string of bits
from the compressed string. “Zipped” (.zip) computer files are the output of a
lossless compression algorithm. Lossy compression algorithms do not allow the
reconstruction of the exact original string, but can be much more efficient than
lossless compression. In some applications, like the encoding of images or music,
the loss of some information may matter very little to the receiver, so that lossy
compression is acceptable. “mpeg” and “jpeg” computer files are produced by
lossy compression algorithms.

3.1 Measuring information

This discussion of frequency of messages already suggests the strong relationship
between information and probability. If we know that some messages from a
finite set are more likely to be sent than others, we can assign shorter code words
to those messages, and this will make more efficient use of the communication
channel. This fundamental insight is the substance of Shannon’s Theorem.
For any finite set X with a probability distribution p[x], x ∈ X , there is a
prefix code that assigns each x ∈ X a code word of length close to − log2[p[x]].
The qualification “close to” allows for rounding effects, which become negligible
for moderately large sets. Thus − log2[p[x]] is a measure of the information
contained in the message x. Relatively high probability messages contain less
information than relatively low probability messages, because the receiver is
less surprised to get those messages. They can thus be assigned to shorter code
words.

By convention the unit of information when the logarithm of the probability
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is taken to base 2 is called a bit. If the basic symbol string used to transmit
information were the digits from 0 . . . 9, the encodings would be measured in
terms of logarithms to base 10, and the unit of information would digits. For
many mathematical reasons it is often convenient to use “natural” logarithms
to the base e, in which case the unit of information is called the nat. In most
of the formulas in this book I will use natural logarithms, so the measure of
information will implicitly be nats.

3.2 Entropy

If each of a set of messages X of size k is equally likely, the probability of
each one is p[x] = 1/k, and the information in each is − ln[1/k] = ln[k]. This
is intuitively the “worst” case for the communications channel. Each message
has to be assigned a code word of the same length. In this case the average
code length is ln[k]. Shannon defines the informational entropy of a probability
distribution on a finite set, H [{p1, . . . , pk}] to be the expected code-word length:

H [{p1, . . . , pk}] ≡ p1 ln[1/p1] + . . . + pk ln[1/pk] (3.1)

The uniform distribution p1 = . . . = pk = 1/k = 1/k has maximum entropy
ln[k]. One can think of the uniform distribution as representing a state of
maximal ignorance about the message that is going to arrive (or equivalently
about the state of some system one is studying).

3.2.1 Constrained maximum entropy distributions

If we know something about a distribution over a set of primitive events, for
example, the expectation of one or more quantities that vary with the events,
we can calculate the maximum entropy distribution subject to the constraint.
This constrained maximum entropy distribution represents maximal ignorance
given whatever information we have.

Many distributions that occur in statistical practice are constrained maxi-
mum entropy distributions. For example, if we know only the mean of a set
of nonnegative numbers, the maximum entropy distribution is the exponential
distribution f [x] ∝ e−λx. If we know the mean and variance of a distribu-
tion over the real numbers, but nothing else, the constrained maximum entropy
distribution is the normal distribution.

3.3 Relative entropy

If we do not know the actual probability distribution, {p}, over a set of messages,
we would have to construct a coding system based on some guess as to what
the probability distribution is, {q}. In this case the actual performance of the
communication channel will be the expectation of the code length with the code
lengths corresponding to {q}, {ln[1/q]}:

p1 ln[1/q1] + . . . + pk ln[1/qk]
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The relative entropy, the difference between the expected code length using the
{q}-codes and the expected code length using the {p}-codes, is a measure of
informational distance of the distribution {q} to the distribution {p}:

H [{p}|{q}] ≡= p1 ln[p1/q1] + . . . + pk ln[pk/qk] (3.2)

The relative entropy is often called the Kullback-Leibler distance between two
probability distributions.

3.4 Problems

Problem 3.1 Why did Paul Revere need a second lantern? How many possible
messages were there that April night?

Problem 3.2 Samuel F. B. Morse invented both the electrical system of teleg-
raphy and a code to facilitate its use. Morse’s code consisted of combinations
of short and long [in telegraph one- and two-click] pulses. He coded “e” as
”short”, “t” as ”long”, “a” as ”short-long”, “i” as ”short-short”, “o” as “long-
long-long”, “n” as ”long-short”, “m” as ”long-long”, and so on. Was this a
prefix code? How did telegraphers avoid ambiguity in the transmission of mes-
sages? Why do you think Morse assigned the relatively uncommon letter “m” a
shorter code word than the more common letter “o”?

Problem 3.3 Find the factors for converting information between the units
bits, nats, and digits. How many bits equal a nat? How many nats equal a
digit?

Problem 3.4 What is the entropy of the probability distribution that assigns
to each integer x = 1, 2, . . . the probability 2−x. [Is this in fact a well defined
probability distribution?]

Problem 3.5 Prove that the relative entropy H [{p}|{q}] is nonnegative and
reaches its minimum value of zero for a given {p} when {q} = {p}.

Problem 3.6 Show that the Shannon entropy is the minimum expected code
length for a set of messages with probability distribution {p}.

3.5 Generalizing the Bernoulli model

It is easy to generalize the Bernoulli analysis to the case of observations with
k > 2 different outcomes, for priors that view the data exchangeably, or, equiv-
alently, to regard the number of observations falling into each category as fully
informative statistics.

Under these assumptions, the histogram {n} = {n1, n2, ..., nk}, where ns is
the number of observations that fall into the sth category, summarizes all the
relevant information about a sample. (Note that n = n1 + ... + nk is the total
number of observations in the sample. The notation {n} is a shorthand for the



32 CHAPTER 3. PROBABILITIES AND INFORMATION

whole histogram, while n is a number, the size of the sample.) We can also fully
describe the sample by reporting n and {p} = {p1, ..., pk} where ps = ns/n are
the proportions of the observations that fall into each category.

We can now proceed exactly as in the simple Bernoulli case, where k = 2. We
suppose that we have made an observation on the system, {n}, and want to form
our posterior probability for a population it might have come from, {n}+ {m},
with Σk

s=1ns + ms = n + m. (As in Mathematica, the sum of two lists of the
same length is the list whose elements are sums of corresponding entries.) As in
the Bernoulli case, we want to calculate the posterior probability of {n}+ {m}
(which is determined by {m}) given our data {n}. Bayes’ Theorem tells us
that this posterior will be proportional to the product of our prior probability
for {n} + {m}, PI [{n} + {m}] and the likelihood function PI [{n}|{n} + {m}].
This likelihood function is just the proportion of ordered samples that have the
histogram {n}+{m} for which the first n observations have the histogram {n}.
The total number of distinct ordered samples with an arbitrary histogram {n}
with Σk

s=1ns = n is given by the multinomial coefficient:

C{n} =
n!

n1! . . . nk!

Notice that the multinomial coefficient reduces to the binomial coefficient
when k = 2.

Thus the total number of samples of size n + m with histogram {n} + {m}
is C{n}+{m}.

The proportion of these that have a first subsample of size n with histogram
{n} and a second subsample of size m with histogram {m} is the multinomial
likelihood:

PI [{n}|{n}+ {m}] =
C{n}C{m}

C{n}+{m}
(3.3)

By Bayes’ Theorem, the posterior probability PI [{n} + {m}|{n}], for any
arbitrary prior PI [{n} + {m}] is:

PI [{n} + {m}|{n}] ∝ PI [{n} + {m}]
C{n}C{m}

C{n}+{m}
(3.4)

If we start, as in the Bernoulli case, with a uniform prior over the outcomes
of any experiment, PI [{n}] is the inverse of the number of possible outcomes,
C{n,k−1}, and we arrive at the Multinomial Posterior:

MP[{m}; {n}] = PI [{n} + {m}|{n}] =
C{n,k−1}

C{n+m,k−1}

C{n}C{m}

C{n}+{m}
(3.5)

This derivation exactly parallels the derivation of the Bernoulli Posterior.
The Multinomial Posterior reduces to the Bernoulli Posterior for k = 2.
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3.5.1 Exercises

Problem 3.7 Show that when k = 2, C{n,k−1} = n + 1.

Problem 3.8 Show that the number of possible histograms {n} = {n1, . . . , nk}
with Σk

s=1ns = n observations is C{n,k−1}.

3.5.2 Multinomial Posterior for m = 1

When m = 1 we are considering making a single further observation on the sys-
tem. The posterior probability of observing outcome s is the probability of ob-
serving m = {n1, . . . , ns+1, . . . , nk} given the observations {n1, . . . , ns, . . . , nk}.
According to the Multinomial Posterior this is (remembering that C{0,...,1,0,...,0} =
1):

PI [{n1, . . . , ns + 1, . . . , nk}|{n}] =
C{n,k−1}

C{n+1,k−1}

C{n}

C{n1,...,ns+1,...,nk}

=
ns + 1

n + k
= q̄s (3.6)

This turns out to be exactly the expectation of qs for m → ∞.

3.5.3 Multinomial Posterior for m → ∞

As m → ∞ the Multinomial Posterior approaches the Relative Entropy Distri-
bution

RE[{q}|{n}] =
(n + k − 1)!

n1! . . . nk!
qn1
1 . . . qxk

k

where qs ≡ ns+ms
n+m .

To see this, we can use Stirling’s approximation to show that:

C{n}+{m} ≈ q−(n+1+m1)
1 . . . q−(nk+mk)

k

(2(n + m)π)(k−1)/2

√
q1 . . . qk

and, assuming ms/m ≈ (ns + ms)/(n + m), as would be the case if m ≫ n and
each ms ≫ ns

C{m} ≈ q−m1
1 . . . q−mk

k (2nπ)(k−1)/2

√
q1... . . . qk

Thus the ratio
C{m}

C{n}+{m}
≈ qn1

1 . . . qnk
k

It is also possible to write this asymptotic approximation to the Multinomial
Posterior in the form:

C{n}C{m}

C{n}+{m}
∝ (

q1

p1
)p1n...(

qk

pk
)pkn or

ln[
C{n}C{m}

C{n}+{m}
] = K − nH [{p}|{q}]
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where K is a constant that depends on {p} and n.
Here H [{p}|{q}] = p1 ln[p1

q1
] + ... + pk ln[pk

qk
] is the relative entropy of the

distribution {p} to the distribution {q}, a nonnegative function of {q} which
reaches its minimum at 0 when {p} = {q}. The larger is n, the more rapidly
the likelihood of any {q} ̸= {p} declines.

We can thus write the posterior probability of an observation {m} = {mq}
for an arbitrary prior PI [.] given the observation {n} = {np} when m is large
as:

PI [{m}|{n}] ∝ PI [{n} + {m}]e−nH[{p}|{q}] (3.7)

When the prior is uniform, the Multinomial Posterior is just inversely pro-
portional to the exponential of the relative entropy:

MP[{m}; {n}] ∝ e−nH[{p}|{q}] (3.8)

Thus the Multinomial Posterior favors distributions {q} to which the ob-
served distribution {p} is similar in this measure. The narrowness of the distri-
bution depends on the number of observations, n. In this form the Multinomial
Posterior expresses the idea of fit. Outcomes {q} that fit the observed data
better have a higher posterior probability.

The exact Relative Entropy Distribution, normalized to integrate to 1, is:

RE[{q}|{n}] =
(n + k − 1)!

n1! . . . nk!
qn1
1 . . . qnk

k (3.9)

=
(n + k − 1)!

n!
C{n}e

−nH[{p}]e−nH[{p}|{q}]

3.5.4 Exercises

Problem 3.9 Prove that the relative entropy is nonnegative and reaches its
minimum at 0 when {q} = {p}.

Problem 3.10 Find the normalizing constant for the Relative Entropy Distri-
bution.

3.6 The Multinomial Posterior and {q}

In the multinomial case the potentially confusing fact that the Multinomial Pos-
terior is a probability distribution over probability distributions is particularly
clearly illustrated. The vector {q} = {q1, . . . , qk} is a probability distribution,
since it is an assignment of non-negative weights summing to 1 to the k cate-
gories of the experiment. The Multinomial Posterior (or the Relative Entropy
Distribution) is a probability over possible {q}. If we want to “predict” or
“reconstruct” {q}, we have to choose some particular feature of the Multino-

mial Posterior, such as its modal value (the ˆ{q} that corresponds to the highest
probability) or its mean, ¯{q}.
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In the Bernoulli model the same situation actually applies, since the Bernoulli
Posterior is effectively a probability distribution over Bernoulli distributions
{q1, q2(= 1 − q1)}. But, as we have seen, in this case it is tempting to think of
the Bernoulli Posterior as a distribution over the single variable q1, analogous to
the parameter θ, and thus to lose sight of the fact that the Bernoulli Posterior
is also a probability distribution over probability distributions.

This suggests the possibility of distinguishing between these levels of proba-
bility distributions by reserving the word “frequency” for observed or predicted
proportions of outcomes, {q}, and the word “probability” for the prior and
posterior distributions over possible frequencies. In this terminology the com-
position of the urn is the frequency of outcomes, while the prior and posterior
judgements over the possible compositions of the urn are probabilities. One
of the motivations of classical frequentist theories of probability seems to be a
discomfort with, or even confusion over, this two-level logic, and a desire to get
rid of the Laplacian concept of “probability” by replacing it with some statistic
of the posterior probability, such as the mean {q̄}, appealing to some Law of
Large Numbers to establish that when m is large the mean {q̄} is bound to
be observed. As the current discussion shows, however, this argument confuses
the idea of a very large sample, n >> 1, with the idea of a very large urn,
n+m >> 1. In general, with a finite sample, the posterior probability does not
collapse to a degenerate distribution as m becomes large.

As it turns out, it is very easy to compute the mode and the mean for the
Relative Entropy distribution. Since the minimum relative entropy occurs when
{q} = {p}, the modal posterior distribution is just the same as the observed

frequencies, ˆ{q} = {p} . The mean ¯{q} for the Relative Entropy distribution
generalizes Laplace’s Law of Succession:

¯{q}s =
ns + 1

n + k

The mean ¯{q} over the posterior is thus already somewhat smoother than the
observed data {p}. In particular, the posterior mean probability for a category
which has no observations, so that ns = ps = 0, is not zero.

3.6.1 Exercises

Problem 3.11 Prove that the mode of the Relative Entropy Distribution has
ˆ{q} = {p}.

Problem 3.12 Prove that the mean of the Relative Entropy Distribution has
¯{q}s = ns+1

n+k

3.7 When do we want smooth posterior distributions?

From a Laplacian point of view a preference for smooth posterior distributions
should be expressed explicitly in the prior. There are several issues here.
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Smoothness of the posterior is not always a desirable or intuitive property.
For example, once we see the possibility of using the multinomial or relative
entropy posterior to analyze pixellated data, one immediate application is the
processing of digitized visual images which have been degraded by noise or loss
of data. In this case any {q} represents a pattern of pixel brightness, and
the {q} corresponding to the mode of the posterior distribution represents the
maximum posterior probability image. In this case we might not favor very
smooth {q}, because they will tend to blur salient features of the image. In
fact, in a situation of this kind we might favor posterior reconstructions of the
image that emphasize “features”, and in this sense are less smooth.

On the other hand, in many scientific situations there is a presumption that
the distribution we are trying to recover is smooth, on the ground that “natura
non facit saltum”, i.e., nature doesn’t make jumps. In these cases we might favor
posterior reconstructions of the distribution that avoid sharp discontinuities.

3.8 Global smoothness

A distribution’s smoothness can be judged either by local or global criteria.
For example, one global criterion of smoothness is the entropy of the {q} itself,
considered as a probability distribution over the k categories of the data. In
this situation we might want to adopt a prior proportional to eαH[{q}]. The
parameter α represents both the sign of the preference for global smoothness and
the weight to be attached to the smoothness in the posterior distribution. For
the Relative Entropy approximation, the posterior will be the Entropy Smoothed
Posterior:

ESP [{q}; {p}, n,α] ∝ eαH[{q}]−nH[{p}|{q}]

When α > 0, the prior expresses a preference for higher entropy, and there-
fore smoother {q}. When α < 0 the prior expresses a preference for lower
entropy, and therefore more differentiated {q}. The magnitude of α relative to
n represents the relative weights we give to the criteria of smoothness and fit.
A large α will lead to a preference for very smooth (or very irregular) {q}, even
at the cost of not fitting the data very well, while an α close to 0 will lead to a
preference for a {q} that is very similar to the observed {p}.

3.9 The Model Description Length principle

In statistical practice we frequently encounter the following situation. The rel-
evant hypotheses are organized into classes, {H1, . . .Hr}. Each hypothesis Hi

is a member of one class. These classes are often referred to as statistical mod-
els. One common way for models to be defined is in terms of the number of
parameters the hypotheses in the class require. For example, linear models of
two dimensional data require two parameters (a slope and an intercept), while
quadratic models require three parameters and so on. Given a statistical model
(a class of hypotheses), a prior probability assignment over the hypotheses in the
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class, and some evidence that could be generated by hypotheses in the model,
we can turn the crank of Bayes’ Theorem to find a posterior probability distribu-
tion over the model. Everyday statistical practice, however, gives little guidance
as to the choice of a model. This has proved to be a major problem in many
contexts. In particular, once the attention of a scholarly audience has been fo-
cused on how well models fit the evidence, there is a strong pressure to move to
more and more complex models, with more parametric degrees of freedom, in a
search of a better fit. (Since models often nest in terms of parametric degrees
of freedom, adding more parameters generally does not degrade the fit.) This
curse of overfitting haunts many empirical scholarly discourses. There is some
protection against overfitting in the tendency of limited evidence to produce
flatter and flatter posterior distributions over more complex (and hence larger)
model classes. This leads to the practice of assigning arbitrary target levels of
statistical significance which empirical studies must meet to be published in the
journals of particular disciplines. The problem is that the choice of a particular
hypothesis or model class of hypotheses along these lines is capricious and with-
out firm logical foundations. Sometimes it works pretty well, and sometimes it
goes completely haywire. In recent years the problem of model choice has been
the frontier of statistical methodology.

Jorma Rissanen (most prominently among other scholars working on the
problem of model choice), building on the work of Solomonoff, Kolmogorov,
Chaitin, and Wallace and Boulton ?, ch 5 has pointed to a far-reaching rami-
fication of Shannon’s information theory for statistical method. Rissanen em-
phasizes that we can measure the complexity of a hypothesis by the code length
necessary to transmit it as a message, which gives us a quantitative measure of
model complexity in the same units as model fit. An old scientific-philosophical
tradition associated with William of Occam (whose “razor” shaved away un-
necessary hypotheses) recommends putting more belief in simpler and more
parsimonious scientific hypotheses. This principle is prior to the evaluation of
evidence for models, and has to be traded off against the ability of models to
explain, that is, in statistical terms, fit, the evidence. Rissanen’s breakthrough,
like many scientific turning points, is his proposal to quantify the complexity of
statistical hypotheses in terms of the code length necessary to transmit them.
The Model Description Length Principle recommends choosing the single model
which minimizes the sum of the bits required to describe the model and the bits
required to describe the data, given the statistical model. A byproduct of this
procedure is a natural decomposition of the data into signal (the model) and
noise.

It turns out that cashing this insight out into actual statistical procedures
requires considerable insight in each concrete case. Rissanen himself has con-
structed a system of “normalized maximum likelihood” estimation to exploit
the tradeoff between fit and complexity. The following analysis1 owes its whole
conceptual framework and much of its technical detail to Rissanen’s method.
Where I part from Rissanen is in incorporating the description length principle

1Much of this material has also appeared in the Festschrift for Kumaraswamy Vellupillai
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consistently within the Bayesian framework of statistical inference.

3.10 Description length as a Bayesian prior

The description length method can provide a prior for Bayesian analysis in
general.

Assume that we have a finite set of hypotheses H = {H1, . . . , HR} chosen
on prior grounds to be relevant to the explanation of given evidence E ∈ E ,
where E is the set of all possible values of the evidence. For each hypothesis
Hi we have a likelihood function, p[.|Hi] : E → [0, 1] with ΣE∈Ep[E|Hi] =
1, defined for a given hypothesis as a function of the possible values of the
evidence. In the Bayesian framework, we will assign a prior distribution p[.] :
H → [0, 1], and calculate the posterior probability of each hypothesis Hi as
p[Hi|E] ∝ p[Hi]p[E|Hi].

Suppose we have calculated the description length of each hypothesis φ[Hi],
the number of bits required to describe the hypothesis within the class H. (The
issue of description length will be discussed more completely below.) Then
we can take the prior probability of the hypothesis p[Hi] to be proportional to
2−φ[Hi]. With this prior, the posterior probability of any hypothesis is p[Hi|E] ∝
2−φ[Hi]p[E|Hi]/p[E]. Taking the logarithm of the posterior, we see that:

log2 [p [Hi|E]] = −φ [Hi] + log2

(

p [E |Hi ]

p[E]

)

(3.10)

The log-posterior probability of a hypothesis can thus be expressed in bits
as its fit, log2[p[E|Hi]/p[E]], which measures the reduction in entropy (increase
in information) the hypothesis provides, less the complexity of the hypothesis,
φ[Hi]. The posterior probability will assign maximum probability to the mini-
mum model description length model, but as is generally the case for Bayesian
statistical analysis, every hypothesis which is logically consistent with the evi-
dence will have a positive posterior probability. No hypothesis consistent with
the data is “rejected”, though poorly fitting or very complex hypotheses may
have a small posterior probability.

3.11 Example: the multinomial model

As a concrete example of how this works out, let us take the multinomial model.
As we have seen, the likelihood for multinomial model is:

P [{n}|{n}+ {m}] =
C{m,k−1}

C{n+m,k−1}

C{n}C{m}

C{n}+{m}
(3.11)

This likelihood rises with the size of the extended sample n + m, as Figure
1 illustrates. Here the histogram {n}+{m} is written in the form (n + m){q},
where {q} = {q1, q2} = {(n1 + m1)/(n + m), (n2 + m2)/(n + m)}.

The posterior probability of an extended sample with histogram {n}+{m}
for a given prior is: .
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P [{n} + {m}|{n}] =
P [{n} + {m}]

P [{n}]
C{m,k−1}

C{n+m,k−1}

C{n}C{m}

C{n}+{m}
(3.12)

Multinomial statistical inference can be visualized concretely as sampling
balls from an urn with unknown composition {n}+{m} and hence unknown
size n+m. The problem is to infer the size and composition of the urn given an
observed sample described by the histogram {n}. We have seen above how to
make inferences concerning the composition of the urn in terms of the relative
numbers of balls of different colors {q}, conditional on the size of the urn. The
issue of inferences as to the size of the urn, n + m is, however, equally relevant.

The Model Description Length prior assigns a probability to any hypothesis
H proportional to 2−φ[H], where φ[H ] is the coding length for the hypothesis. In
the case of multinomial hypotheses, {n} + {m} = {n1 + m1, . . . , nk + mk}, the
description of the hypothesis requires the transmission of k integers reporting
n + m, the total number of balls in the urn, and {n1 + m1, . . . , nk−1 + mk−1}
the number of balls with the first k − 1 colors. (From this information one can
infer the {nk + mk}, the number of balls of the kth color.)

The size of the urn, n+m, is an integer of arbitrary size. The number of bits
required to code an integer, n of arbitrary size in a self-delimiting manner, is a
key quantity in algorithmic information theory. It is the Kolmogorov complexity:

K[n] = log2[n] + log2[log2[n]] + . . . ≤ 2 log2[n] (3.13)

where the series terminates at the last positive term.
We can describe the urn by transmitting its length and k − 1 fractions of

a given precision representing the relative frequencies of the different “colors”
the urn contains, {q1, . . . , qk−1}. Given the precision, u, the description length
prior is proportional to 2−K[n+m]−(k−1) log2[u].

Thus the posterior probability with the description length prior is:

P [{n} + {m}|{n}] =
2−K[n+m]−(k−1) log2[u]

P [{n}]
C{m,k−1}

C{n+m,k−1}

C{n}C{m}

C{n}+{m}
(3.14)

While the fit of any hypothesis (m + n){q1, . . . , qk}, as represented by the
likelihood function, rises with n + m, the prior probability, representing the
inverse of the description length, falls with n + m. This creates a tradeoff, as
illustrated in Figure 2.

3.12 Model Description Length and Maximum Entropy Priors

The Model Description Length principle provides an elegant and persuasive
solution to a long-standing nagging problem in Bayesian statistics. Laplace
understood that the function of the prior in probability analysis is to make
explicit the informational state of an observer of a system. This way of looking
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at the problem follows logically from the view that probabilities are measures of
degrees of belief of an observer in alternative hypotheses. Later in the nineteenth
century this understanding got garbled in the hands of mathematicians such as
Venn and Boole, who for reasons of their own regarded the prior as introducing a
“subjective” element into probabilitistic reasoning. What Jaynes calls the “mind
projection fallacy”, the tendency to project limited information of an observer
as inherent indeterminacy of an observed phenomenon in the real world, took
over, leading to the suppression of the prior in statistical practice, various ad
hoc attempts to supply its functions, such as significance tests and confidence
intervals, and the general conceptual disorder of twentieth century statistical
pedagogy.

Jaynes (following the work of Jeffreys, and in sometimes uncomfortable col-
laboration with Savage and de Finetti) returned some sanity to this dialogue
by insisting on Laplace’s point that the prior is a description of the information
state of an observer, not an expression of the observer’s private idiosyncratic
opinions about the world. Jaynes expended considerable effort in seeking general
and “objective” principles for the selection of priors in particular situations. He
is best known for his advocacy of choosing priors that have maximum entropy
as a way of introducing the minimum of information into the analysis through
the prior. (Jaynes also worked with other important ideas, such as using scale
invariances built into specific situations to suggest priors.)

Nonetheless, the mathematical arbitrariness of the prior has been a consis-
tent drag on Bayesian probability theory. Pretty much everyone accepts one
or another version of the likelihood principle as a measure of goodness of fit
of models, but for many reasonable people the explicit introduction of a prior
seems to be pulling a rabbit out of a hat. Since you can’t have a posterior dis-
tribution to answer all the questions we want to ask of data without some prior,
the lack of a compelling theory of prior specification presents a real problem for
Bayesian statistical method and pedagogy. One formal approach to this prob-
lem when models are specified in terms of parameters is the use of “conjugate”
priors, which have the apparently appealing mathematical property that their
product with a particular likelihood function yields a tractable integral as the
posterior. As we have noted above, the conjugate prior approach makes the
prior problem worse because it isn’t rooted in the empirics of statistical prob-
lems and the mathematical sophistication required to grasp the conjugate prior
idea is considerably higher than one can expect from students in introductory
courses in probability and statistics.

We must, however, remember that there can be no universal rule for form-
ing priors in all situations. Such a rule would amount to an algorithm for
doing science. The choice of ways to describe significant aspects of the world,
the classification, ordering and interpretation of data, and the establishment
of plausible theoretical categories within which to analyze it are all ultimately
aspects of prior specification which cannot be reduced to a single prescription.
Rissanen makes this point by arguing that the best statistics can do is to find
the optimal description of the data within a class of models specified externally
to the statistical analysis.
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The Model Description Length Principle goes a long way toward answering
these questions within the framework of Bayesian statistics. It incorporates an-
cient and powerful scientific principles, to prefer simpler explanations over more
complex ones and to dispense with unnecessary complication in hypotheses.
These ideas have very different implications in different scientific contexts, but
they re-emerge over and over again in one form or another. The Model Descrip-
tion Length approach has the powerful consequence of allowing us to measure
the complexity of hypotheses quantitatively. (In practice it is not always obvi-
ous how to do this. Caveat lector!) This in turn allows statistical analysis to
trade off the complexity of an hypothesis against its ability to explain observed
data in an unambiguous manner. The incorporation of the Model Description
Length Principle into the Bayesian prior insures that the resulting analysis will
be free of inconsistencies and hidden paradoxes.

From a Bayesian point of view the Description Length Principle replaces
Laplace’s and Jaynes’ maximum entropy principle as a guide to the specfication
of priors. In doing this the Description Length Principle respects the maximum
entropy principle’s insistence that the prior should reflect the informational state
of an uninformed observer confronting evidence. But the Description Length
Principle goes beyond the maximum entropy principle to endow the observer
with a philosophy of science and explanation which is prior to the actual col-
lection and analysis of data. The Description Length prior is hostile to com-
plicated hypotheses on principle, and allows the posterior to contemplate them
only grudgingly when the evidence requires it.



Chapter 4

The linear model with multivariate data

4.1 The scalar Gaussian model

The historical approach to the smoothness/simplicity problem in data analysis
has been to reduce complex observations to simpler statistics that can then
be viewed as choosing a smooth probability distribution from a family. The
most widely used such method is analysis based on the Gaussian or normal
probability distribution, a smooth probability distribution that depends on just
two parameters, the mean and the variance.

In this discussion, I want to show that, as in the case of Bernoulli trials, anal-
ysis of real number data, univariate or multivariate, can be developed without
reference to unobservable parameters representing the “tendency” of a system
to produce different outcomes. We can employ the same methods used above to
for Bernoulli trials to derive univariate and multivariate continuous statistical
analysis from the stipulation that the sample size, mean and covariance are fully
informative statistics. Statements about population means and covariances can
be rationalized in terms of posterior distributions over further samples given
the appropriate priors. The normal distribution appears only as the limit of the
posterior distribution with “Jeffreys’ prior” for a further set of observations of
size m = 1 as n → ∞.

As in the case of repeated Bernoulli trials, we can approach the analysis
of real data samples from the operational Laplacian, or parametric frequentist
points of view. I will here simply develop the operational Laplacian analysis.

In order to introduce the basic concepts in a mathematically simpler form,
I will first go through the univariate case. The multivariate analysis follows the
same logic, but involves somewhat more elaborate mathematical structures.

4.2 Real scalar samples:

fully informative statistics

Suppose now that we have observations in the form of lists of real numbers
x = {x1, ..., xn}, which we can regard as an n-dimensional vector. Define the
sample mean,

42
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µ[x] =
x1 + ... + xn

n
=

1

n
x1n

T

(where 1n is the vector of n 1’s: {1, 1, 1..., 1}), the sample variance,

s2[x] =
(x1 − µ[x])2 + ... + (xn − µ[x])2

n
=

1

n
xxT − µ[x]2,

and the square root of the sample variance, the sample standard deviation:

s[xT ] =
"

((x1 − µ[x])2 + ... + (xn − µ[x])2)/n).

Note that when n = 1, s[x] = 0.
The key to the development that follows is the assumption that the sample

size, n, the sample mean, µ[x] and the sample standard deviation s[x] are a set
of fully informative statistics in the operational Laplacian sense. In contrast to
the Bernoulli case, this assumption is not logically equivalent to exchangeability.
Since the sample mean and sample standard deviation are invariant to permu-
tations of the data, the assumption that {n, µ[x], s[x]} is fully informative does
imply exchangeability. The assumption of exchangeability, however, does not
imply that {n, µ[x], s[x]} is fully informative, since there could be information
in other permutation-invariant statistics, such as the sample third or higher
moments.

4.2.1 Describing samples in generalized polar coordinates

Given the assumption that the sample mean and standard deviation are fully
informative statistics, it is helpful conceptually to realize that we could describe
a sample x of size n by giving its mean µ(x), standard deviation s[x], which
is the radius of the sphere in the plane of samples with mean µ[x] on which
the sample must lie, and m− 2 pure directions θ = {θ1, ..., θm−2}, indicating in
what direction the vector x points on that sphere. These coordinates locate the
sample by telling what plane it lies on, how far from the central point of the
plane it lies, and what direction it lies in this plane.

The transformation to these coordinates, which is worked out in chapter 5, as
to any polar coordinates, transforms the volume element of the space according
to the law dx = sdµdsdθ. The factor s that appears in this tranformation is of
considerable importance.

4.3 Exercise

Problem 4.1 For the sample {−2.3, 1.4,−5, 3.6}, find the sample mean, stan-
dard deviation and the direction coordinates describing the sample.



44 CHAPTER 4. LINEAR MODEL

4.4 The scalar likelihood

Given the prior belief that the set of statistics {n, µ[x], s[x]} is fully infor-
mative for any sample, and an observation x = {x1, ..., xn} summarized as
{n, µ[x], s[x]}, what can probability theory tell us about the probability of an-
other observation y with summary statistics {m, µ[y], s[y]} on what we regard
as the same system? If we have both observations, we in effect have a complete
observation z = {x,y} with a size n+m. The mean of this complete observation
is:

µ[z] =
nµ[x] + mµ[y]

n + m
=

n

n + m
µ[x] +

m

n + m
µ[y]

a weighted average of the means of the two subsamples, with the weights pro-
portional to the size of each subsample.

Using the definitions of µ and s, we can show that the variance of the com-
bined sample is:

s2[z] =
n

n + m
s[x]2 +

m

n + m
s[y]2 +

nm

(n + m)2
(µ[y] − µ[x])2

4.4.1 Exercise

Problem 4.2 Prove the relationships stated above between the mean and vari-
ance of the individual samples x and y, and the joint sample z.

The likelihood, PI [{µ[x], s[x], n}|{µ[z], s[z], n+m}], is the proportion of sam-
ples z of size n + m with mean µ[z] and standard deviation s[z] that have a
subsample x of size n with mean µ[x] and standard deviation s[x], which also
implies a complementary sample y of size m with mean µ[y] and standard
deviation s[y] calculated from the formulas relating the means and standard
deviations of z,x, and y.

In chapter 5 I show that the measure of the set of samples of size n with mean
µ and standard deviation s is proportional to sn−1. Thus given an unobserved
sample y, we see that the likelihood is:

PI [{µ[x], s[x], n}|{µ[z], s[z], n + m}] ∝
s[x]n−1

s[z]n+m−1

4.5 Jeffreys’ prior: dµdθ ds
s

In order to reproduce common practice statistical analysis for this model, we
adopt a prior proposed by Harold Jeffreys [Jeffreys, 1939], which, expressing the
sample in generalized polar coordinates, takes the PI [n, µ, s, θ]dµdsdθ ∝ dµdθ ds

s .
Thus the prior is uniform over the location of the mean, µ, (since µ doesn’t
explicitly appear in it), and over the direction coordinates, θ but makes the
prior probability of a sample inversely proportional to its standard deviation, s.
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Here the expression PI [n, µ, s, θ]dµdsdθ represents the probability of seeing a
sample of size n with mean µ[x] lying between µ and µ+dµ , standard deviation
s[x] lying between s and s+ds, and direction coordinates θ lying between θ and
θ + dθ.

Jeffreys’ prior has an attractive intuitive property. The standard deviation
of the sample is essentially a measure of the absolute scale on which the observed
process fluctuates. Making the prior proportional to 1/s makes our conclusions
invariant to a change in the scale of fluctuations [see Rosenkrantz, 1989]. Thus
Jeffreys’ prior naturally represents the opinion of an observer who is completely
ignorant of both the location and scale of fluctuation of the data she is about
to analyze.

4.6 The posterior probability of µ[y] and s[y]

Now we can find the posterior probability by calculating PI [µ[z], s[z]|µ[x], s[x]],
using Bayes’ Theorem:

PI [{µ[z], s[z], n + m}|{µ[x], s[x], n}]

∝ PI [{µ[z], s[z], n + m}]PI [{µ[x], s[x], n}|{µ[z], s[z], n + m}]

The prior probability, PI [{µ[z], s[z], n + m}], is, according to Jeffreys’ prior,
proportional to s[z]−1.

Multiplying by Jeffreys’ prior, we see that the posterior probability of a
sample of size m with mean µ[y] and standard deviation s[y] given an observed
sample with mean µ[x] and standard deviation s[x] is proportional to:

s[x]n−1s[y]m−1

s[z]n+m

∝
n

n+ms[x]n−1 m
n+ms[y]m−1

( n
n+ms[x]2 + m

n+ms[y]2 + nm
(n+m)2 (µ[x] − µ[y])2))n+m/2

Here ∝ stands for proportionality: when we normalize the distributions, we
can calculate the normalizing constant by integrating the expression over all
possible y. We will call this distribution the Scalar Posterior (SP), since the
arguments of SP are the statistics that summarize the samples of real numbers.
In chapter 5, I calculate the exact SP, including the normalizing constant.

When m = 1 there is only a single observation in the second sample, so its
standard deviation is zero. We interpret m

n+ms[y]2)(m−1)/2 = 00 = 1 in this
case.

The Scalar Posterior allows us to answer any statistical question about sam-
ples of real numbers. In particular we can ask what the distribution of µ[y]
and s[y] are as m becomes very large, which are operational equivalents to the
“population mean” and “population standard deviation” of common practice
statistical analysis.
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4.7 Transformations of the scale of fluctuation

The adoption of Jeffreys’ prior to represent the opinions of an observer who has
no knowledge of the data-generating process before she samples it is justified
by the fact that the SP is invariant to changes in the scale of fluctuations,
independently of the location of the mean. To see this, suppose that the units of
measurement are changed by a scale factor a, so that we can describe the sample
as x′ = ax and consider prospective samples y′ = ay. From the definitions of
the sample mean and variance, we see that s[x′]2 = a2s[x]2, s[y′]2 = a2s[y]2,
µ[x′] = aµ[x] and µ[y′] = aµ[y], so that (µ[y′] − µ[x′])2 = a2(µ[y] − µ[x])2.
Then if we calculate the SP in the new coordinates we see that:

SP [µ[y′], s[y′]; m, n, µ[x′], s[x′]]ds′dµ′

∝
s[x′]n−1s[y′]m−1

( n
n+ms[x′]2 + m

n+ms[y′]2 + nm
(n+m)2 (µ[y′] − µ[x′])2)

m+n
2 d(as)d(aµ)

=
an−1s[x]n−1am−1s[y]m−1

am+n( n
n+ms[x]2 + m

n+ms[y]2 + nm
(n+m)2 (µ[y] − µ[x])2)

m+n
2

a2dsdµ

∝ SP [µ[y], s[y]; m, n, µ[x], s[x]]d(s2)dµ

Thus Jeffreys’ prior is the prior that keeps our opinions invariant to a inde-
pendent changes in the scale of fluctuation and location of process.

4.8 The shape of the SP

Figure 4.1 shows the general shape of the SP, which reaches its maximum at
the sample mean and standard deviation.

To convey a clearer idea of the shape, I plot the conditional distributions in
Figures 4.2 and 4.3.

4.9 Two limiting cases

We tend to be most interested in two cases, m = 1, where we bet on the value of
a single further observation from the process, and m → ∞, where we consider
the asymptotic distribution for an imaginary very large further sample.

4.9.1 m = 1

When m = 1, s[y] = 0, µ[y] = y, the single observation, and, taking s[y]m−1 =
00 = 1, we can factor out n

n+1s[x]2, to show that the SP is proportional to:

(1 +
1

n + 1

(y − µ[x])2

s[x]2
)−

n + 1

2
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Figure 4.1: The SP for m = 106, n = 10, µ[x] = 0, s[x] = 1.
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Figure 4.2: The conditional posterior distribution of µ[y]
for s[x] = 1, with m = 106, n = 10, µ[x] = 0, and s[x] = 1.
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Figure 4.3: The conditional posterior distribution of s[y] =

1 for µ[y], with m = 106, n = 10, µ[x] = 0, and s[x] = 1.

4.9.2 m → ∞

In considering the limit of the SP as m → ∞, it is more convenient to factor
out m

n+ms[y]2, to show that SP is proportional to:

s[y]−n−1

#

1 +
ns[x]2

ms[y]2
+

n

n + m
(
µ[y] − µ[x]

s[y]
)2

$−m+n
2

If we take the limit of SP as m → ∞, we find that it is asymptotically
proportionate to:

s[y]−n−1 exp[−
n

2
(
s[x]2

s[y]2
+

(µ[y] − µ[x])2

s[y]2
)]

As in the case of repeated Bernoulli trials, the SP converges for m → ∞,
but does not collapse. The same logic reappears: some of the uncertainty about
the prospective future sample arises from its finite size, and can be eliminated
by taking m very large, but there is an irreducible residual uncertainty arising
from the finiteness of n which does not disappear as m becomes large.

4.9.3 The marginal posterior distribution of µ[y]

We can integrate SP over s[y] from 0 to ∞ to find the marginal probability
distribution of µ[y] (see 5), which is proportional to:

*

1 +
m

n + m

#

µ[y] − µ[x]

s[x]

$2
+

−n
2
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Figure 4.4: The marginal SP for µ[y] on the assumption

that m → ∞.

The t-distribution with r degrees of freedom has a density proportional to

(1 + t2/r)−(r+1)/2. Thus t =
mn

n+m

1
2 (µ[y]−µ[x])

n
n−1s[x] is distributed according to the t-

distribution with n−1 degrees of freedom. If m is large relative to n, m
m+n → 1,

and we get the standard t-test for the population mean of a normally distributed
random variable with unknown variance. (In order to make this expression
simpler, the “sample variance” in many texts is defined as n

n−1s[x]2 in the
present notation.)

Figure 4.4 illustrates the marginal SP for µ[y].

4.9.4 The marginal posterior distribution of s[y]

In a similar way, we can find the marginal posterior distribution of s[y] by
integrating SP over µ[y]:

SP [s[y]; m, n, µ[x], s[x]] ∝ s[x]−n(1 +
ns[x]2

ms[y]2
)−

n+m−1
2

The limit of this distribution as m → ∞ can be shown to be the inverse χ
with n− 1 degrees of freedom. Box and Tiao derive the same result, taking s[y]
to be the “population standard deviation” [Box and Tiao, 1973, p 96, 2.4.19].

4.9.5 The posterior distribution of µ(y) = y when m = 1 as n → ∞ is normal

The prior from which we derived this posterior distribution for {m, µ[y], s[y]}
conditional on {n, µ[x], s[x]} does not directly refer to a normal distribution or a
mixture of normal distributions. It is easy to see, however, that the assumption
that the data are independent realizations of a normally distributed random
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Figure 4.5: The marginal SP of s[y] on the assumption that

m → ∞.

variable implies that only the first two sample moments carry information. We
can see, furthermore, that the normal distribution arises naturally as a limiting
form in the operational Laplacian analysis. To see that the assumption that
only the first and second moments carry information implies the normal model
in the limit, we need to consider the situation where m = 1, so that we are
considering a single further observation, but n → ∞, so that we already have
an enormous amount of information about the process, tantamount to knowing
the parameters of the underlying random variable.

When m = 1, we have only a single observation y so that µ[y] = y, s[y] = 0,
and the SP is asymptotically proportionate to:

exp

,

−
1

2

#

y − µ[x]

s[x]

$2
-

Thus as n → ∞ the SP approaches a normal distribution with mean µ[x] and
standard deviation s[x]. The assumption that only the first and second moments
of the data carry information, together with Jeffreys’ prior, is asymptotically
equivalent to the assumption that individual observations are independently
normally distributed.

4.10 The posterior probability of y given x

We can also calculate the posterior probability of a particular prospective sample
y given a particular prospective sample x. Since the measure of samples of size
n that have a given mean µ[x] and standard deviation s[x] is proportional to
s[x]n−1, we can divide the SP by these factors to find that the probability of a
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particular sample described in generalized polar coordinates as {µ[x], s[x], θ} is
proportional to s[z]−(m+n)dµdsdθ. Making the translation to direct coordinates
z, and remembering that dz = sdµdsdθ, we see that the posterior probability
PI [y | x] is proportional to:

(
n

n + m
s[x]2 +

m

n + m
s[y]2 +

nm

(n + m)2
(µ[y] − µ[x])2)

−(n+m−1)
2 dy

∝ SSP (y;x)dy

SSP stands for “Scalar Sample Posterior”, since the arguments of SSP are
the actual samples, not the summary statistics.

In chapter5 I calculate the exact SSP, including the normalizing constant,
which is a multivariate-t distribution.

4.11 The Lapacian approach with an infinite population

In approaching real data, some Laplacians assume that the data have been
generated by an underlying “true” process in which each observation is a re-
alization of normally distributed random variable with unknown mean µ, and
standard deviation σ. The problem of statistical inference is to find a posterior
distribution over these parameters, given a finite sample x.

Such a Laplacian [see, for example Box and Tiao, 1973] takes Jeffreys’ prior
dµdσ

σ over the underlying parameters, and then calculates posterior probabilities
for the parameters. For example, the joint posterior density for {µ,σ} given
{n, µ[x], s[x]} is proportional to [cf Box and Tiao, 1973, p. 51, translating
notation]:

σ−(n+1) exp[−
n

2

#

s[x]2

σ2
+ (

µ − µ[x]

σ
)2

$

]

We recognize this as the limit of the SP as m → ∞, identifying the parameter
µ with the limit of µ[y] as m → ∞ and the parameter σ with the limit of s[y]
as m → ∞.

Thus the posterior probabilities for the underlying parameters {µ,σ} are ex-
actly the same as the asymptotic SP for the sample mean and standard deviation
in a prospective sample with very large m. As in the case of repeated Bernoulli
trials, the posited underlying random variable model turns out to be an un-
necessary diversion. We reach the same practical conclusions by the method of
fully informative statistics, limiting ourselves to the discussion of in-principle
observable quantities like finite sample means and standard deviations.

4.12 The Gaussian hypothesis

There are several noteworthy implications of these results.
First, the operational Laplacian approach shifts the focus in formulating

the prior from an imaginary underlying “true distribution” of the data to the
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question of how much information we are willing to believe the data carry, which
is philosophically less restrictive. The assumption that only the first two sample
moments matter can be rationalized on a number of grounds. We might in fact
have rigorously derived theoretical reasons for assuming this (although we in
fact almost never do). More commonly, we may make this assumption simply
as a convenient way of reducing the computational and informational burdens
of the analysis. Even if in principle we recognized that higher moments than
the first and second might be of interest, a kind of philosophy of approximation
might lead us to look at the data first of all in terms of the first two sample
moments. In any case, this is what common practice statistical analysis actually
does.

This derivation reveals, as the Bernoulli analysis already suggested, that
classical statistical practice can be derived rigorously and in a philosophically
acceptable form from Laplacian axioms, given the appropriate prior. In the
case of the Bernoulli trials the appropriate prior turned out to be uniform not
over samples but over the fully informative sample statistic n1. In the case of
real variables, the prior that returns classical results turns out to be Jeffreys’
prior, which is uniform over the location of the process (µ[x]) and yields conclu-
sions that are invariant to arbitrary changes in the scale of fluctuations, (s[x]).
As in the Bernoulli model, the imaginary population from which the classical
statistician supposes the sample to come reappears formally in the analysis as
a prospective further sample from the process, an operationally well-defined
concept.

The operational Laplacian derivation is short, based firmly in geometrical
intuition, and gives a great deal more information than the classical analysis,
since we get the exact posterior distribution for {µ[y], s[y]} for any values of
n, m, µ[x] and s[x]. Even if the assumption that {n, µ[x], s[x]} is fully infor-
mative is a very strong one which may do catastrophic violence to real data in
many situations, we can see the formal appeal the simplicity and elegance of
the resulting analysis holds.

4.13 Generalizing the one-dimensional linear model

It is not hard conceptually to generalize the Laplacian analysis of data consist-
ing of observations of a single variable to the multivariate case, in which each
observation is a vector of real numbers, so that samples are matrices. The fully
informative statistics become the size of the sample, the vector sample mean
and the sample covariance matrix. The prior that reproduces classical analysis
is a straightforward generalization of Jeffreys’ prior to the multivariate case.

4.14 Posterior probability in the multivariate case

4.14.1 Multivariate real data

Assume that we have a sample of n observations on r variables. A single obser-
vation is a vector xT = {x1, . . . , xr}, which will be interpreted as a row vector.
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The entire sample is an n× r matrix consisting of the n r-dimensional observa-
tion vectors, X = {x1, ...,xn}T ∈ Rnr. Thus x21 is the value of the first variable
in the second observation. Define the sample vector mean, as the row vector:

µ[X ] =
1

n
1T

nX ∈ Rr, where

1n = {1, ..., 1} ∈ Rn

and the sample covariance matrix,

S[X ] =
1

n
(X − 1nµ[X ])T (X − 1nµ[X ])

=
1

n
XT X − µ[X ]T µ[X ]

The derivation of the multivariate posterior distribution follows the same
pattern as in the univariate case. We need first to establish fully informative
statistics, and then to propose a prior over these statistics.

Let us then consider the assumption that prior probability of any sample de-
pends only on {n, µ[X ], S[X ]}, the number of observations, their vector mean,
and their covariance matrix, so that {n, µ[X ], S[X ]} is a fully informative set
of statistics. Continuing to argue in parallel with the univariate case, sup-
pose that starting with a sample {n, µ[X ], S[X ]} we consider a further sam-
ple {m, µ[Y ], S[Y ]}, and seek to calculate PI [{m, µ[Y ], S[Y ]} | {n, µ[X ], S[X ]}].
This is equivalent to seeking the probability of the combined observation

{n + m, µ[Z], S[Z]}, where Z = {X, Y } and:

µ[Z] =
m

m + n
µ[Y ] +

n

m + n
µ[X ]

S[Z] =
1

n
((X, Y ) − 1nµ[Z])T ((X, Y ) − 1nµ[Z]))

=
m

m + n
S[Y ] +

n

m + n
S[X ] +

nm

(n + m)2
(µ[Y ] − µ[X ])T (µ[Y ] − µ[X ])

Bayes’ Theorem tells us:

PI [{n + m, µ[Z], S[Z]} | {n, µ[X ], S[X ]}] ∝

PI [{n + m, µ[Z], S[Z]}]PI [{n, µ[X ], S[X ]} | {n + m, µ[Z], S[Z]}]

The likelihood is the proportion of the set of observations of size n + m
that have sample mean µ[Z] and sample covariance matrix S[Z] that have a
subsample of size n with mean µ[X ] and sample covariance matrix S[X ]. In
order to calculate this proportion, we need to know the volume element of the
set of samples of size n with a given mean µ and covariance matrix S, which

turns out to be proportional to det[S]
r(n−1)

2 , as shown in chapter 5.
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4.14.2 Generalizing Jeffreys’ prior to the multivariate case

The natural generalization of Jeffreys’ prior to the multivariate case is to as-
sume for any sample X that PI [n, µ[X ], S[X ]] ∝ det[S[X ]]−

r
2 . This reduces to

Jeffreys’ prior in the case r = 1, and turns out to yield the classical statistical
analysis. As in the one dimensional case, this prior represents the opinions of
an observer who is ignorant of the relative scales of fluctuation on which the
process is generating data, of the size of the correlations between its different
components, and, independently, of the average location of the process. We can
thus generalize the SP to a Vector Posterior (for m > 1):

V P [µ[Y ], S[Y ]; n, m, µ[X ], S[X ]]

= PI [{n + m, µ[Z], S[Z]} | {n, µ[X ], S[X ]}]

∝
det[S[Z]]

−r
2 det[S[Y ]] r(m−1)

2

det[S[Z]]
r(n+m−1)

2

∝
det[ n

n+mS[X ]]
r(n−1)

2 det[ m
n+mS[Y ]]

r(m−1)
2

det[ n
n+mS[X ] + m

n+mS[Y ] + nm
(n+m)2 (µ[Y ] − µ[X ])T (µ[Y ] − µ[X ])]

r(n+m)
2

When m = 1, det[S[Y ]] = 0 and we interpret the expression 00 = 1 in the
numerator.

From the VP one can derive all the relevant related posterior probabili-
ties, such as the unconditional mean, or the conditional probabilities for some
elements of the vector y when others are known. The VP also provides the
foundation for regression analysis, which studies the influence of a subset of the
observed variables on the realization of the others.

4.14.3 The limit of the VP as m → ∞

The VP has a limit as m → ∞, representing the residual uncertainty due to the
finite size of the sample, n. As we show in chapter 5, this limit is proportional
to:

det[S[Y ]]−
nr
2 exp[−

n

2
Tr[S[Y ]−1S[X ]]] exp[−

n

2
(µ[Y ]−µ[X ])S[Y ]−1(µ[Y ]−µ[X ])T ]

4.14.4 The VP when m = 1

In multivariate analysis we often have a sample {n, µ[X ], S[X ]}, and we want to
describe the posterior probabilities over a single further observation y, so that
m = 1.

When m = 1, S[Y ] = 0, and the posterior probability density of an obser-
vation y conditional on the sample {n, µ[X ], S[X ]} becomes proportional to:

det[
n

(n + 1)
S[X ] +

n

(n + 1)2
(y − µ[X ])(y − µ[X ])T ]−

r(n+1)
2
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Figure 4.6: The VP for n = 100, µ[X] = {0, 0}, and S[X] as
in the text. The VP puts a high weight on the line y2 = y1,

reflecting the positive correlation in the data.

We can use the fact that when A is a nonsingular matrix

det[A + yyT ] = det[A](1 + yT A−1y),

writing P [X ] = S[X ]−1 for the inverse of the sample correlation matrix, the
precision matrix, to write the posterior distribution of y as proportional to:

(1 +
1

n + 1
(y − µ[X ])P [X ](y − µ[X ])T )−

r(n+1)
2

Integrating this multivariate t density over the whole of Rr yields the exact
VP for m = 1 as worked out in chapter 5.

4.14.5 The shape of the VP

Figure 4.6 illustrates the shape of the VP for m = 1, r = 2. In this case

we suppose that µ[X ] = 0, and that S[X ] =

(

1 .5
.5 1

)

, so that there is a

considerable correlation between x1 and x2. This VP is illustrated in Figures
4.6 and 4.7.

4.14.6 Eliminating variables by marginalizing

In many applications we may want to calculate the posterior probability dis-
tribution of a subset of the mr variables, for example, just one. The elimina-
tion of any particular observation amounts to the same thing as reducing the
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Figure 4.7: The equal probability contours of the VP for
n = 100, µ[X] = {0, 0}, and S[X] as in the text.The line

y2 = y1 clearly emerges as the organizing feature of the VP.
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prospective sample size, m by 1. In fact, in practical applications we are usually
interested in the posterior probabilities attached to a single further observation,
so that m = 1. But we may not want the joint probability distribution for
the entire set of r variables. In this case, we need to marginalize the VP when
m = 1 by integrating out over one or more of the variables.

In chapter 5 I show that the VP has the convenient property that it can be
marginalized without change of form. Thus it is possible to use it easily to find
posterior probabilities for subsets of the variables.

4.15 Regression lines

As Figure 4.6 indicates, the VP defines lines of high probability relating the
variables.

For example, the conditional posterior distribution for y1, given y>1 ≡
{y2, ..., yr} is just VP with the given y>1 inserted. The maximum probabil-
ity occurs when {y1,y>1}T P1 = 0, (where P1 is the first row of the precision
matrix, P ), that is, when y1 = −P12

P11
y2 + ... + P1r

P11
yr. The hyperplane defined by

this equation (a line in the case when r = 2) is the regression hyperplane of y1

(on y>1). The coefficients Rij = −Pij

Pii
are the regression coefficients of yi (on

y̸=i).
If we supposed that we knew y>1, we would center our prediction of y1 on the

regression hyperplane. The regression coefficients are in this sense a measure of
the dependence of the observed variables on each other. If Rij = 0, information
about yj has no impact on our posterior probability for yi. If Rij > 0, a high
level of yj is associated with a high level of yi in the posterior distribution.

The precision matrix P [X ] is a symmetric matrix with (r+1)r
2 independent

elements. In general, therefore, the regression hyperplane of yi on y̸=i will not
coincide with the regression hyperplane of yj on y̸=j . Figure 4.8 shows the two
regression lines for the VP plotted in Figures 4.6. The inverse of the covariance

matrix

(

1 .5
.5 1

)

is P = 4
3

(

1 −.5
−.5 1

)

. The slope of y1P11 + y2P12 = 0 is

−P11
P12

= 2. The slope of y1P21 + y2P22 = 0, on the other hand, is −P21
P22

= .5: the
two regression lines differ.

The case in which the regression lines coincide for r = 2 is when the vari-
ables are perfectly correlated in the sample. For example, Figure 4.9 shows the

regression lines for S[X ] =

(

1 .9
.9 1

)

is P = 100
19

(

1 −.9
−.9 1

)

. The regression

lines clearly converge as the sample correlation, defined as
&

P12
P11P22

approaches

1.
Scientists frequently use the regression plane and coefficients to examine

particular hypotheses about the relations between measured variables. One
hypothesis might predict a negative regression relation between two variables,
and another a positive regression relation. In this case the posterior probability
of the regression coefficients in a future large sample becomes the important
issue.



58 CHAPTER 4. LINEAR MODEL

-1 -0.5 0.5 1
y1

-2

-1

1

2

y2
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Figure 4.9: The regression lines for S[X] with a high corre-

lation between the variables are close together, reflecting the
tendency of regression planes to coincide when the sample

correlation between two variables is close to 1.
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4.15.1 The posterior distribution of regression coefficients

One way to decide whether the data we have is more consistent with one or
another hypothesis about the connections between the variables is to compare
the regression coefficients in the sample with those predicted by the hypotheses.
The regression coefficients we are most interested in are those that we would
calculate if we had a lot more data, that is if we had a large number m of further
observations. But the VP is designed to tell us exactly the posterior probability
over any set of future observations or functions of them, such as the regression
coefficients.

Thus there is considerable interest in studying the posterior distribution of
the matrix S[Y ] for large m, as a way of establishing the posterior probability
of PY = S[Y ]−1, and the regression coefficients, which can be written R[Y ] =
PY Q[Y ]−1, where Q[Y ] is the matrix of diagonal elements PY ii of PY . In this
notation S[Y ] = P−1

Y = Q[Y ]−1R[Y ]−1.

4.15.2 The marginal distribution of S[Y ]

If our main interest is in the posterior probabilities for regression coefficients,
we don’t care much about the means, so that we would like to calculate the
marginal distribution of S[Y ], integrating out over all the possibilities for µ[Y ].

As I show in chapter 5, the marginal distribution of S[Y ] is proportional to:

det[S[X ]]
r(n−1)

2 det[S[Y ]]
r(m−1)

2

det[nS[X ] + mS[Y ]]
r(m+n−1)

2

In confronting a particular hypothesis with evidence by comparing the re-
gression coefficients predicted by the hypothesis with the posterior distribution
of regression coefficients, we are usually interested in the regression coefficients
we would find from a very large future sample, that is, the case where m → ∞.

Chapter 5 shows that the limit of the marginal VP for S[Y ] is proportional
to:

det[S[Y ]]
−(r(n+1))

2 exp[−
n

2
Tr[S[X ]S[Y ]−1]]

We can write this in terms of the matrices Q[Y ], R[Y ] as:

det[R[Y ]]
r(n+1)

2 det[Q[Y ]]
r(n+1)

2 exp[−
n

2
Tr[S[X ]R[Y ]Q[Y ]]]

Numerical integration of this expression over appropriate regions will give
posterior marginal probabilities for the regression coefficients themselves.

We could also numerically integrate out these coefficients to calculate the
marginal distribution of a particular column of R[Y ].
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4.15.3 The asymptotic conditional posterior distribution of the regression co-
efficients

What happens in actual statistical practice is that a conditional distribution
of the regression coefficients is used, rather than the marginal distribution, be-
cause it is possible to calculate one particular conditional distribution for the
first column of R[Y ]. The condition used is that the covariance matrix for the
prospective sample Y be identical to the covariance matrix for the observed sam-
ple X except in the first row and column. In other words, this distribution tells
us the posterior probabilities of the regression coefficients for the first regression
conditional on holding constant the covariances between all the variables except
the first.

While it is convenient to have this distribution, its conditional nature in-
evitably limits its interest. In particular in applications where we observe but
cannot control the variables, such as those using economic data, what we would
like to have is the marginal distribution of just one column of the regression
matrix, marginalizing over all the other columns, and marginalizing over all the
variables, since in statistical practice we often want to find posterior proba-
bilities over a given regression, say the first, not over the collection of all the
regressions, as in the formula above.

As I show in chapter 5, the regression coefficients for y1 on y>1 on the
assumption that the sample has the same covariance matrix among the variables
y>1 as the observed sample as m → ∞ is proportional to:

(1 +
(RY − RX)T SX>1,1(RY − RX)

(SX11 − RT
XSX>1,1RX)

)
n+r

2

Thus we can base posterior probability statements about the likely regres-
sion coefficients to be observed in a further large sample on this multivariate-t
distribution.

4.15.4 Regression coefficients with an infinite population

The regression coefficients appear in the operational Laplacian approach as func-
tions of sample observations about which we can form posterior probabilities.
In particular we are interested in forming a posterior probability judgement for
the regression coefficients that we would observe in a very large future sample
of observations from the same process.

As we might expect from the parallel discussion of inference in Bernoulli
trials, in the parametric Laplacian approach the regression coefficients appear
initially as unknown parameters describing an infinite population about which
we want to form probability judgements. The typical set up selects one variable,
say y1, and supposes that it is a linear function of the other variables, with an
error term that is normally distributed:

y1 = y ̸=1R>1,1 + u,

where u is jointly normally distributed with mean 0 and covariance matrix Σ.
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The parametric Laplacian approach then forms a prior over the parameters
R>1,1 and Σ, and calculates a posterior probability for them. As usual in the
parametric approach the prior, for reasons of mathematical convenience, has to
be chosen from a family that is “conjugate” to the joint normal probabilities. At
the end of the day, if the parametric Bayesian is asked to express her posterior
probabilities over a finite future sample, she will average out her predictions over
her posterior distribution over the parameters, and will arrive by this circuitous
route precisely at the VP.

Thus the case of regression coefficients shows again the redundancy of the
parameters in the whole argument. As far as linear regression coefficients go,
we might just as well form posterior probabilities directly over the regression
coefficients we expect to see as a result of a large further sample from the data
generating process.

4.15.5 The VP for m = 1 is asymptotically normal as n → ∞.

The multivariate normal probability distribution does not directly appear in
the operational Laplacian analysis, but it is present as the limit of the VP for
m = 1 as n → ∞. If we have observed a very large sample already, our posterior
distribution for another observation y is approximately multivariate normal with
mean µ[X ] and precision matrix P [X ]:

lim
n→∞

V P [{1, y, 0}, {n, µ[X ], P [X ]−1}] ∝ exp[−
1

2
(y − µ[X ])P [X ](y − µ[X ])T ]

4.16 Operational Laplacianism in the multivariate model

These results could be extended to a derivation of all the statistics commonly
used to evaluate multivariate regressions. They indicate that the classical re-
gression model, including its t-statistics, can be rigorously interpreted on an
operational Laplacian basis as adopting a prior that assumes all the informa-
tion in a sample is contained in its size, mean and covariance matrix and assigns
the generalized Jeffreys’ prior to possible samples.

In particular, the parameters of the Gaussian regression model, the regres-
sion coefficients, can be interpreted as measurements derived from a further large
sample of data from the same system, and the posterior probabilities over these
statistics can serve any purpose that posterior probabilities over the parameters
themselves would. The t-statistics on regression coefficients, for example, re-
flect the uncertainty the finite sample leaves as to the sign of the corresponding
regression coefficient in a much larger sample.

In this very commonly employed case, as in the Bernoulli trials model and
the univariate real data model, the unobserved parameters projected onto an
imaginary “true model” in classical expositions gain a philosophically unex-
ceptionable interpretation as in principle operationally observable statistics of
a further large sample. The operational Laplacian approach also yields exact
posterior probabilities for any n and m.
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Figure 4.10: The VP for the data in Figure ??. The line
y2 = y1 is clearly apparent, even with only 100 data points.

4.16.1 Smoothness and information compression in the multivariate model

The multivariate model compresses the rn observations in a sample into (r+2)(r+1)
2

parameters, the sample size n, the mean µ, and the symmetric sample covariance
matrix S, which has (r+1)r

2 independent elements. Thus it achieves considerable
informational economy.

Furthermore, as we might expect, the VP is much smoother than the corre-
sponding histogram of the data we would calculate by applying the multinomial
model directly to the data. For example, for the data used to illustrate the
roughness of the histogram approach, the VP is much smoother, as Figures 4.10
and 4.11 illustrate.

4.17 Fragility of linear regression

As compared to the method of pixellation, linear regression makes very strong
assumptions, which may not be met in practical situations. The problem with
the linear regression model is that it imposes a linear relation among the vari-
ables in the Jeffreys prior itself. The linear regression model is prone (highly
prone) to two types of misleading result as a result. Both these problems arise
because the linear regression model effectively averages out local correlations
across the whole domain of the sample. Thus the regression coefficients report
a kind of average co-movement of the variables which may not reflect the actual
co-movement of the variables very accurately at any point in the domain.

First, if the variables have a strong but nonlinear relationship, the linear
regression model may fail to find it. If the relationship between two variables,
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Figure 4.11: The VP of the 2500 data points of Figure
??. The line y2 = y1 is only slightly better defined than in

Figure 4.11. The desired smoothness is clearly built into the

assumptions of the analysis.

for example, is positive in one part of the domain, and negative in another part,
the linear regression model, in averaging out over the whole domain, may report
no systematic relationship. Thus important co-variation of relevant variables
may be completely missed by the linear regression.

Second, linear regression is very sensitive to correlations at a few outlying
points of data. Because it dutifully averages co-movements of the variables over
the whole domain, just one or two data points which show a large co-movement
of the variables can dominate the linear regression results.

The only general circumstances where the strong assumptions of linearity
on which the linear regression model is based seem to be justifies is when the
data arise from small perturbations of a system. If the perturbations are small,
nonlinear interactions in the system will be unobservable, and the linear model
reveals the first-order interactions of the variables. Of course, what counts as
a small perturbation in this context depends on the system being studied and
the scientific judgement of the investigator.

But in a wide range of applications, it seems very dangerous to rely on the
linear model uncritically, without at least checking for nonlinear co-movements
of the data through less constrained methods such as the pixellation model, or
at a minimum, inspection of scatter plots in two and three dimensions.



Chapter 5

Mathematical Appendix

5.1 Representing probabilities

5.1.1 Probability mass functions

When the event space is an integer or a finite set of intervals on the real number
line we can visualize a probability system as a function from the real numbers
to the interval [0,1]. Such a function is called a probability mass function, P [x] :
R → [0, 1]. Figure 5.1 illustrates a probability mass function assigning an equal
probability to the two integer events 1 and 0 in a single observation of a process,
so that P [0] = P [1] = .5 and P [x]] = 0 for x ̸= 0 or 1.

Figure 5.2 illustrates a probability mass function assigning various probabil-
ities to the number of 1’s observed in 10 observations of an experiment whose
outcome is either a 1 or a 0.

5.1.2 Probability density functions

When the number of outcomes becomes very large it is often convenient to
approximate a probability mass function by a continuous function, called a
probability density function. The probability density function P [x] assigns a

probability
. b

a P [x]dx to the interval [a, b]. By the mean value theorem of cal-
culus, this means that the probability density function assigns a probability
approximately equal to P [x]dx to the interval [x, x + dx].

Figure 5.3 illustrates the familiar “standard normal”, or “Gaussian” proba-
bility density function

P [x] =
1√
2π

exp[
−x2

2
]

(In this book the normal probability distribution will play a role only as a
convenient approximation to other probability distributions.)

The normal probability distribution can be relocated by subtracting a con-
stant µ, called the mean, and rescaled by dividing by a constant σ, called the
standard deviation. After this transformation the probability density function
for x is

64
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Figure 5.1: A probability mass function that assigns a prob-
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Figure 5.2: A probability mass function assigning various

probabilities to the outcomes x = 0, 1, ..., 10.
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Figure 5.3: The standard normal probability density.

1√
2πσ2

exp[−[1/2][
x− µ

σ
]2]

This assignment of probability is called the normal distribution with mean
µ and standard deviation σ.

5.1.3 Probability distributions

An assignment of probability over outcomes, however it might be described, is
called a probability distribution.

5.1.4 Normalizing probabilities

The most important aspect of a probability distribution is the relative weight it
places on various outcomes. Thus we can describe a probability distribution by
any assignment of nonnegative weights to the events, and if we multiply these
weights by any nonnegative number we leave the relative weights and therefore
the underlying probability distribution unchanged. If we take any assignment
of nonnegative weights to events, we can add the weights up over all the events,
arriving at a normalizing factor for that assignment of weights. If we then divide
all the weights by the normalizing factor the resulting weights will add up to
one, and will be a probability mass or density function.

5.2 Joint probability distributions

When a process generates data on more than one, say d, dimensions, the events
are an d-dimensional vector whose elements are the various dimensions of the
outcome. In this case the probability mass function is a function of several
variables, P [x1, x2, . . . , xd] and is called a joint probability mass function. Figure
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Figure 5.4: A joint probability mass function assigning

probabilities to vector observations [x, y], where x and y

can take on values from 1 to 8.

5.4 illustrates a joint probability mass function over two variables, one with
possible outcomes x = 1, 2, ..., 8, and the other with outcomes y = 1, 2, ..., 8.

5.2.1 Conditional probability distributions

In cases where the outcomes are described by more than one variable, so that we
have a joint probability distribution, we are often interested in the probability
distribution for one of the variables, or a subset of them, holding constant the
others at some particular value. Such a distribution is called a conditional
probability distribution. If we have a joint probability P [x1, ..., xd], then the
conditional distribution for the first s variables, given specific values to the last
d−s variables is just P [x1, ..., xs, x∗s+1, ..., x∗d], where x∗j represents the specific
value of variable xj at which we are calculating the conditional probability,
appropriately normalized to be a probability distribution.

Figure 5.5 illustrates the conditional probability distribution derived from
the joint probability distribution in Figure 5.4, holding x constant at 4.

5.2.2 Marginal probability distributions

We often want to know the probability distribution for one subset of variables
for all the possible values of the other variables. This marginal probability dis-
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Figure 5.6: The marginal probabilities for y, together with

the joint distribution for x and y from Figure 5.4. In this
case the marginal probabilities are uniform over the 8 pos-

sibilities y = 1, ..., 8.

tribution can be calculated by summing or integrating the joint probability
distribution for each value of the selected variables over all the possibilities for
the other variables. This process is conceptually simple, but often leads to
mathematical complexities when the joint probability distribution is described
as a formula. In principle, however, a computer can easily calculate marginal
probabilities from joint probabilities, simply by adding up terms.

Figure 5.6 illustrates the marginal probabilities for y corresponding to the
joint probability distribution in Figure 5.4.

5.3 Simplifying probability distributions

Marginalization and conditionalization are the two fundamental strategies for
simplifying joint probability distributions so that they express states of infor-
mation in a useful form. A joint probability distribution often conveys more
information than we need to answer a question, and often in a confusing form.

The most common situation is where the joint probability distribution is
defined over a large number of variables, but we are concerned with the relation
between a smaller number. (For example economic analyses of demand and
supply relationships have to be based on data including income, cost factors,
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taste factors, and so forth, but in the end are aimed at identifying the relation
between price and quantity demanded or quantity supplied.) We may want
to eliminate variables either because we already know what value they take in
situations of interest, or because we have no information about what value they
take.

In the first case conditionalization is the appropriate approach. We set the
values of the variables we know (or can control) at the appropriate levels, and
use the resulting conditional probability distribution for the analysis.

In the second case marginalization is the appropriate approach. We sum or
integrate over the variable we have no information on, and use the resulting joint
probability distribution over the variables we do care about. Marginalization
eliminates the dependence of the probability of outcomes on the marginalized
variables by “averaging out” over their possible values, which is the best we
can do if we have no information at all about the eliminated variables. If, of
course, we actually have relevant information about a variable, then we should
not marginalize, but use that information to conditionalize.

Both marginalization and conditionalization reduce the dimension of the
joint probability distribution with which we have to deal, which is a tremen-
dous simplification. They do this in different ways. Marginalization eliminates
variables by attributing to any configuration of the other variables the sum of
the probabilities over all the possible values of the marginalized variable. Con-
ditionalization eliminates a dimension of the joint probability by fixing the value
of the corresponding variable at a particular level.

It is possible to use conditionalization and marginalization to represent par-
tial information about a variable. If we know that a variable must lie in some
range, we can marginalize over the range and conditionalize to eliminate the
irrelevant cases.

5.4 Convolutions of probability distributions

Suppose we have two probability systems, the first of which, x has n + 1 pos-
sible outcomes, the integers 0, 1, . . . , n with probabilities p0, . . . , pn, and the
second, y, has m + 1 possible outcomes, the integers 0, 1, . . . , m with probabil-
ities q0, . . . , qm. Suppose also that these probabilities are independent, so that
the probability of observing x = i and y = j is just piqj . In this type of situation
the sum x + y has n + m + 1 possible outcomes 0, 1, . . . , n + m, and it is often
of interest to calculate the probability that the sum has a particular value, z.

The event that the x+y = z can occur in several different ways. For example,
x = 0 and y = z is one possibility, or x = 1 and y = z−1, or in general x = i ≤ k
and y = z − i. The probability that x + y = z is thus

rk =
z

!

i=0

piqz−i

This expression is the convolution of the two probability distributions pi and qj .
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The analogous expression for two probability density functions f [x] and g[y]
defined over the real number line [−∞,∞] is

h[z] =

' ∞

−∞
f [x]g[z − x]dx

5.5 Expectations

If we have a probability distribution over k primitive events, {p} = {p1, . . . , pk}
and a set of quantities {z} = {z1, . . . , zk} associated with the events, we can
calculate the expectation of the quantities with respect to the probability dis-
tribution:

E{p}[{z}] ≡ p1z1 + . . . + pkzk (5.1)

In many applications the primitive events can be described as numbers,
such as the number of spots showing on two dice. In these cases p[x] means the
probability of the event with value x, and the expectation is the mean:

x̄ ≡ E{p[x]}[x] = Σxxp[x] (5.2)

In this context certain other expectations can be important. For example,
the variance, σ2[x] is the expectation of the difference between the value of the
event and the mean:

σ2[x] ≡ E{p[x]}[[x − x̄]2] = Σx[x − x̄]2p[x] (5.3)

The square root of the variance, σ[x] is called the standard deviation.

The variance is often used as a measure of the dispersion of numerical data,
since the variance gives equal weight [due to the squaring of the deviations]
to any deviation from the mean in either direction, though other expectations
might be used for the same purpose, for example, the expectation of the absolute
value of deviations from the mean.

5.6 Problems

Problem 5.1 The event space is generated by two observations, A and B, each
of which can take on the value 0 or 1. The joint probability mass function is
P [1, 1] = .0095, P [1, 0] = .0005, P [0, 1] = .0198, P [0, 0] = .9702. Verify that
this is indeed a probability distribution, and calculate all the conditional and
marginal probabilities.

Problem 5.2 Prove that the convolution of two probability mass functions is a
probability mass function [that is, a set of nonnegative numbers that sum to 1].
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5.7 Normalization and expectations of the Relative Entropy Distri-

bution

The Relative Entropy Distribution representing the posterior probability of q
for m → ∞ is proportional to:

qx1
1 . . . qxk

r

The domain of integration is the unit simplex {q|q ≥ 0,Σsqs = 1}. Thus the
normalizing constant is:

' 1

0

' 1−q1

0
. . .

' 1−(q1+...+qk−2)

0
qx1
1 . . . qxk−1

k−1 (1 − (q1 + . . . + qk−1)
xkdqk−1 . . . dq1

(5.4)
The normalization of the probabilities eliminates qk as an independent variable.
If we write Qk−2 = q1+. . .+qk−2, the integral with respect to qk−1 is (consulting
a standard table of integrals):

' 1−Qk−2

0
qxk−1

k−1 (1 − Qk−2 − qk−1)
xkdqk−1

= (1 − Qk−2)
xk−1+xk−2+1 xk−1!xk!

(xk−1 + xk + 1)!

This integration reduces the integral 5.4 to:

' 1

0

' 1−q1

0
. . .

' 1−Qk−3

0
qx1
1 . . . qxk−2

k−2 (1 − Qk−3 − qk−2)
1+xk−2+xk−1dqk−1 . . . dq1

(5.5)
Successive applications of the same basic integral show that the normalized

Relative Entropy Distribution is:

(n + k − 1)!

x1! . . . xk!
qx1
1 . . . qxk

r (5.6)

Taking the expectation with respect to qs to find q̄s requires integrating

(n + k − 1)!

x1! . . . xk!
qx1
1 . . . qxs+1

s . . . qxk
k

over the simplex. The same method applies, and we have:

q̄s =
xs + 1

n + k
(5.7)

5.8 The sample covariance matrix

For any n×r matrix Y , Y T Y is a positive semi-definite symmetric r×r matrix,
that is for any nonzero x ∈ Rr, xT Y T Y x ≥ 0.

Proof: xT Y T Y x = zT z ≥ 0, where z = Y x is a m × 1 vector.
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5.8.1 The information in a sample

According to the assumption that {n, µ[X ], S[X ]} are fully informative statistics
for a sample X ∈ Rrn, a sample supplies us with (r+1)(r+2)/2 = 1+ r+ r(r+
1)/2 pieces of information: the sample size, the r components of the sample
mean, and the r(r+1)/2 independent elements of the sample covariance matrix
S[X ]. One way of expressing this information is to display the sample mean
and covariance matrix directly, as we do when we write the VP proportional to:

det[ n
n+mS[X ]]

r(n−1)
2 det[ m

n+mS[Y ]]
r(m−1)

2

det[ n
n+mS[X ] + m

n+mS[Y ] + nm
(n+m)2 (µ[Y ] − µ[X ])T (µ[Y ] − µ[X ]))

r(n+m−1)
2

This is not always, however, the way in which we want to confront the
information. For one thing, in this form the r(r + 1)/2 independent elements
of the symmetric covariance matrices appear as r2 elements of the r × r matrix
S, of which r(r − 1)/2 turn out to be redundant because of the symmetry of S.
There are some other ways to express the same information.

5.8.2 The covariance matrix is determined by r(r−1)/2 rotations and r stretches

Any real symmetric matrix S = BT D
1
2 D

1
2 B where B is an orthogonal matrix

with BBT = I, so that det[B] det[BT ] = | det[B]| = 1, and D is a diagonal
matrix with the eigenvalues of S on the diagonal.

An orthogonal matrix B represents a set of r(r − 1)/2 = (r − 1) + (r − 2) +
...+2+1 pure rotations of the axes, since we can choose the first row of B to be
any unit vector, giving r − 1 degrees of freedom, the second row of B to be any
unit vector orthogonal to the first, giving r−2 degrees of freedom, the third row
of B to be any unit vector orthogonal to the first two, giving r − 3 degrees of
freedom, and so on. Thus we can represent the covariance matrix as r(r − 1)/2
pure rotations, each characterized by an angle between −π/2 and π/2, together
with r stretches of the axes.

The covariance matrix is also determined by the r values of the diagonal
of its inverse and r(r − 1)/2 independent coefficients defining its r regression
planes.

Writing P = S−1 for the inverse of the covariance matrix, each row of P
defines a hyperplane through the equations P1y = 0, ..., Pry = 0, where Pi is
the ith row of P . These hyperplanes are the regression planes of the covariance
matrix, and the coefficient rij = −Pij

Pii
is called the regression coefficient of

variable i on variable j. Thus another way to write the information in the
covariance matrix is S−1 = P = Q−1R, where Q is the diagonal matrix of the
principal diagonal of P , and R is the matrix of regression coefficients.

5.8.3 The covariance matrix is determined by a lower triangular matrix

Any symmetric positive semi-definite matrix S = V V T , where V is a lower-
triangular matrix with positive entries on the diagonal. In this representation,
the r(r + 1)/2 independent elements of S are presented explicitly.
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General setup
Ë Consider samples where each observation is a vector x = 8x1, …, xr< (which we will view as a row vector).

Ë The entire sample is an nâ r matrix X in which each row is a vector observation.

Ë Using the multinomial model, we would pixellate the r-dimensional space by some scheme of binning in each of the dimensions, and then 
count the number of observations in the sample that fall in each pixel. The multinomial posterior summarizes our conclusions about a 
prospective further sample exchangeable with the data we have.

Ë Using the multivariate model we could make inferences directly about the mean and covariance matrix of further samples.
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Missing data
Ë But what if, as happens frequently with real-world data, some of the observation vectors are missing values for one or more of the variables? 

The problem is that we don' t know which pixel to put this observation in (or, in the multivariate framework, how to calculate the sample mean 
and covariance matrix).

Ë But in the Laplacian approach this is no different from any other statistical inference.

Ë The principle of inverse probability assigns posterior probability to hypotheses according to the likelihood of the data we have, given the 
hypothesis. The potential data we don' t have can include missing variables in particular observations. In the Laplacian framework, the value of 
issing data can be regarded as one of the hypotheses about which we are drawing inferences.

Ë The one thing we would not want to do in this situation is to discard the observations with missing data, since the variables that are present in 
those observations represent irreplaceable information. Excluding these observations effectively throws away valuable information.
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Bayes' theorem and missing data
Ë In terms of Bayes' Theorem, remembering the definitions of joint and conditional probability, we can summarize the inference as :

P@H‹ MD DD =
P@H‹ MDD P@D H‹ MDD

P@DD =
P@H‹ MD‹ DD

P@DD =
P@HD P@D‹ MD HD

P@DD
Ë where H is the hypothesis, MD is an assignment of values to the missing data, D is the available data, P@HD is the prior over the hypotheses, 

P@D‹MD HD is the likelihood of the available data and the assumed values of the missing data given the hypothesis, and P@H ‹MD DD is 
the joint posterior distribution over the hypothesis and values of the missing data given the available data.

Ë The joint posterior distribution over the union of the hypothesis and assumed values of the missing data can be calculated by inserting assumed 
values of the missing data into the likelihood function in terms of the prior over the hypothesis space alone.

P[¢ | £
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Inverse probability with missing data
Ë The combination of an assumption about the values of the missing data and the other hypotheses we are considering constitutes an extended 

hypothesis to which the Bayesian machinery can assign a posterior probability.
Ë Thus in principle the consistent way to treat the missing variables problem is to extend the posterior distribution to include the values of the 

missing data. Once we know this joint posterior distribution it can answer any question we have about the information contained in the 
available data given the prior.

Ë For example, the maximum multinomial posterior probability picks out both a most-likely value for the missing data, and for the composition of 
the urn (or for the value of the missing data and the mean and covariance of further observations in the multivariate case).

Ë An alternative would be to calculate the mean of the joint posterior, which would give mean values for the missing data and the hypotheses of 
interest.

Ë A third alternative would be to marginalize the joint posterior over the values of the missing data to recover a posterior distribution over the 
hypotheses.
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Identification

ü Demand and supply curves
Ë Consider a supply-demand identification problem. The quantity demanded depends on price and income, with some random perturbation, and 

the quantity supplied depends on price and a cost factor, with some random perturbation. The data is generated by market clearing, and the 
statistical problem is to recover the demand and supply curve parameters.

Clear@DemandPriceD; DemandPrice@b_D@pmax_, e_D@q_D := pmax - b q + e

Clear@SupplyPriceD; SupplyPrice@d_D@cost_, e_D@q_D := cost + d q + e

Clear@MarketEqD;
MarketEq@supply_, demand_D := Flatten@8q, supply@qD< ê. Solve@supply@qD ä demand@qD, qDD
MarketEq@SupplyPrice@0.2D@20, 0D, DemandPrice@.5D@100, 0DD
8114.286, 42.8571<
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Generating data

Generate a large number of data points, consisting of 8pmax, cost, p, q<.
MarketPoint@supply_, demand_, costrange_, pmaxrange_, supplysd_, demandsd_D :=
Flatten@H81, 2, MarketEq@supply@2, 3D, demand@1, 4DD< &L@

RandomReal@pmaxrangeD, RandomReal@costrangeD,
Random@NormalDistribution@0, supplysdDD, Random@NormalDistribution@0, demandsdDDDD

marketdata1 =
Table@MarketPoint@SupplyPrice@.2D, DemandPrice@.5D, 815, 75<, 850, 150<, 2, 5D, 85000<D;

The scatter plot of the actual observed market prices and quantities is pretty uniform:

ListPlot@Transpose@Transpose@marketdata1D@@83, 4<DDD, AxesLabel Æ 8q, p<D
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Recovering supply curves: subsample
Ë Now we need to find the conditional distribution for a given pmax or cost integrating out the other factor. Let us start by marginalizing out 

pmax and conditionalizing on cost to recover the supply curve.
Ë Marginalizing out pmax means including all data regardless of the cost level

Ë Conditionalizing on cost means selecting subsets of the data with particular values of pmax

Ë Conditionalizing means selecting the subsets of the price-quantity data that correspond to each bin of the cost variable.

Ë For example, if we select out the observations for which 25 £ cost £ 35, we can see the characteristic shape of a supply curve.
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ListPlot@
Rest êû Cases@Rest êû marketdata1, 8x_ ê; IntervalMemberQ@Interval@825, 35<D, xD, _, _<D,
AxesLabel Æ 8q, p<, PlotLabel Æ "25 £ cost £ 35"D
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Recovering supply curves
Ë In this figure, the pixellated sample is binned into subsamples with similar cost parameters. The multinomial medians and the 10th and 90th 

percentiles for each subsample are plotted.

Show@ConditionalMedianPlot@
Rest êû Cases@Rest êû marketdata1, 8x_ ê; IntervalMemberQ@Interval@D, xD, _, _<D, 87, 8<,
MPQMax, AxesLabel Æ 8q, p<, ShowBins Æ TrueD & êû Bins@Rest êû marketdata1, 86, 7, 8<D@@1DDD
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Demand curve recovery

Interchange pmax and cost to recover the demand curves.
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Linear approach
Ë Using the linear approach we begin by calculating the sample covariance matrix and its inverse, the precision matrix:

marketdata1S = Covariance@marketdata1D;
Hmarketdata1P = Inverse@marketdata1SDL êê MatrixForm;

This program reduces the precision matrix by removing the column and row corresponding to a particular variable, in this case
the first:
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This program reduces the precision matrix by removing the column and row corresponding to a particular variable, in this case
the first:

marketdata1Red1P =
ReducedPrecisionMatrix@marketdata1P, 1D;

Conditionalizing on pmax does not change the slope of the relation between price and quantity in the linear model. The slope of
the regression line of q on p is:

-marketdata1Red1P@@3, 2DD ê marketdata1Red1P@@3, 3DD
0.196801

which is the estimate of the slope of the supply curve.

The estimate of the slope of the demand curve is given by marginalizing out on cost, the second variable:

marketdata1Red2P =
ReducedPrecisionMatrix@marketdata1P, 2D;

The regression coefficient from this reduced precision matrix is an estimate of the slope of the demand curve:

-marketdata1Red2P@@3, 2DD ê marketdata1Red2P@@3, 3DD
-0.444369
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Time series
Ë The basic problem with time series is that the assumption of exchangeability for the data 8x1, x2, …, xT < limits the analysis to conclusions that 

are consistent with any permutation of the data series, which would preclude any conclusions about its time structure, such as its time 
correlation properties, or other dynamic features

Ë Suppose, to make things simple, we believe that the only relevant time-dimension correlations are limited to one lag. Then we can "stack" the 
data into a data series of the form: 88x1, x2<, 8x2, x3<, …, 8xT-1, xT <<, and proceed on the assumption of exchangeability

Ë This procedure has two important effects: first, each observation now consists of 2 r variables (the original r variables observed in the period, 
and the r lagged observations on those variables); second, the total number of trials is reduced by 1, since there are only T - 1 pairs of vectors 
of observations

Ë If we want to allow the statistical procedure to address time correlations longer than one lag, we have to give up one data point for each lag. 
This feature makes this approach very expensive for macroeconomic time series data where the number of observations is limited

Ë For example, if we have quarterly observations of a set of macroeconomic observations over 50 years (200 observations), but we are interested 
in business cycle dynamics that have a time scale of 8 years (32 quarters) we would have to stack 32 quarters of data into each time series 
observation, and would have only 168 observations left

Ë But this way of proceeding (which is implicit in many time series methods) assumes that the correlation structure of the data does not depend 
on which phase of the business cycle the data spans. If we think business cycles themselves have characteristic structure, the number of 
effective observations becomes the number of business cycles, which would be about 6. The statistical power of the analysis with n = 6 is not 
very high
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Stationarity
Ë A further complication arises from assuming that the time-stacked sample is exchangeable

Ë If, as is very common in macroeconomic data, some of the series have time trends, then the time-stacked sample will not be exchangeable. This 
leads to the problem of detrending data

Ë The integration approach of Clive Granger and Rob Engle recommends time-differencing data until it appears to be stationary. 

Ë There are two related problems with this procedure. 

Ë Time-differencing obviously throws away a lot of information. In fact, the main feature of most macroeconomic quantity time series like real 
GDP, employment, capital stock, and so on, is highly correlated trends, which are obliterated by differencing

Ë The related problem is that differencing reduces low-frequency information much more high-frequency information, which inevitably makes 
the macroeconomic data look less structured and more random ("whiter" in the jargon of time series analysis) 
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Stylized facts
Ë Even a cursory examination of quantitative economic time series immediately reveals that they typically have these features

Ë First, there is a trend, which reflects "economic growth". This is not just an annoying problem of scaling, but an important real economic 
phenomenon

Ë Second, there is a strong shared fluctuation at business cycle frequencies

Ë Third, if the data is collected at frequencies higher than 1 per year, there is a shared seasonal fluctuation

Ë It is not easy to establish further features of macroeconomic time series

Ë Differencing obliterates the zero-frequency trend in macroeconomic time series and can substantially attenuate the business-cycle fluctuations. 
If the seasonal fluctuation has been attenuated, as is often the case, by some type of "seasonal adjustment", what is left is pretty much random 
movement without much structure
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Frequency domain analysis
Ë Physicists and engineers dealing with time series data routinely tranform it into the frequency domain by applying a Fourier transform to the 

data
Ë The Fourier transform is a linear invertible transformation (which multiplies each time series by a matrix). Thus the same information is 

apparent in the frequency domain as in the time domain
Ë The assumption of exchangeability, however, appears even more problematic when the data is transformed into the frequency domain, since it 

is not at all clear intuitively why it would make sense to interchange the trend correlations of a series with their business-cycle correlations, or 
their seasonal correlations

Ë Frequency domain analysis, however, seems well-adapted to economic time series, because it distinguishes relevant frequency ranges in which 
the dynamics of the economic system are likely to be different, such as low-frequency trends, business cycle fluctuations, and seasonal 
fluctuations
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De-trending
Ë Another approach to time series analysis is nonlinear de-trending. It is similar to frequency domain analysis in that it seeks to decompose the 

economic time series into components representing fluctuations at different time scales
Ë Non-linear detrending, however, does not insist on the linearity of the decomposition, which is inherent in Fourier methods

Ë The most popular de-trending method is the what economists know as the Hodrick-Prescott filter, an algorithm adapted from other fields and 
applied to economic data

Ë The Hodrick-Prescott filter has a Bayesian flavor, in that it estimates the trend of a series by an algorithm that chooses a time path to minimize a 
penalty function that favors smooth functions of time. In general when the parameter representing the preference for smoothness is set quite 
large, the resulting trend estimate has a very slowly-varying slope

Ë This is rather like a Bayesian estimate with a prior that favors smooth hypotheses

Ë No one seems, however, to have any general theory of the statistical properties of the H-P filter or its variants
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5.9 Two key matrix facts

If A is a nonsingular r × r matrix, and y a vector ∈ Rr,

det[A + yyT ] = det[A](1 + yT A−1y).

[Graybill, 1983, Theorem 8.9.3, p. 231]
If A is any r×r matrix, and y any r×1 vector, yT Ay = Tr[AyyT ] = Tr[yyT A].

[Graybill, 1983, Theorem 9.1.20, p. 303]

5.10 A helpful integral

' ∞

0

xadx

(y + xb)c
=

1

b
y−c+ a+1

b
Γ[a+1

b ]Γ[c − a+1
b ]

Γ[c]
,

where Γ[.] is the gamma function, as long as a > −1, b > 0, y > 0, c > a+1
b .

For example,

' ∞

−∞

dw

(v + w2)
p
2

= 2

' ∞

0

dw

(v + w2)
p
2

has a = 0, b = 2, c = p/2, so that it evaluates to v−
p−1
2

Γ[ 12 ]Γ[ p−1
2 ]

Γ[ p
2 ] .

If w is a vector in Rr, we can apply the example above successively to each
component of wT w = w2

1 + ... + w2
r to evaluate

' ∞

−∞

dw1 . . . dwr

(v + wT w)
p
2

= v
−(p−r)

2
Γ[ 12 ]rΓ[p−1

2 ] . . .Γ[p−r
2 ]

Γ[p
2 ]...Γ[p−r

2 ]

= v
−(p−r)

2
Γ[ 12 ]rΓ[p−r

2 ]

Γ[p
2 ]

.

5.11 Change of variables in integrals

For any transformation x = g[y],

'

D
f [x]dx =

'

g−1[D]
det[

∂g

∂y
]f [g[y]]dy

In particular, for the linear case where x = Ay, where A is an appropriately
dimensioned matrix, det[∂g/∂y] = det[A].

In the case of matrix variables, the transformation X = g[Y ] leads to the
same change of variable

.

D f [X ]dX =
.

g−1(D) det[ ∂g

∂Y ]f [g[Y ]]dY . When Y =

g−1[X ] = AX , where X is an m×r matrix and A is m×m, det[ ∂g

∂Y ] = det[A]−r,

and if Y = XB, where B is r × r, det[ ∂g

∂Y ] = det[B]−m.
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5.12 The measure of the set of samples in Rrn that have a given µ
and S

Clearly the measure of the set of samples that have a given mean µ and co-
variance matrix S is independent of the mean, so that we can without loss of
generality take µ = 0.

Consider the problem of finding the measure of the set A = {X ∈ Rrn |
µ[X ] = (1/n)1T

nX = 0 and S[X ] = (1/n)XT X = S}, where S is a symmetric
matrix of full rank, and 1n is a vector of 1’s. This is equal to:

'

A
dX

Every X ∈ A has Xn = −1T
n−1X<n, where X<n is the matrix of the first

n − 1 rows of X , in order to make µ[X ] = 0. For any Y ∈ Rr(n−1), we can find
the corresponding X by appending −1T

n−1Y to the matrix Y . The covariance
matrix corresponding to Y is thus

S[(Y,−1T
n−1Y )] = (1/n)(Y,−1T

n−1Y )T (Y,−1T
n−1Y )

= (1/n)(Y T Y + Y T1n−11
T
n−1Y )

= (1/n)Y T (I + 1n−11
T
n−1)Y.

Let

A′ = {Y ∈ Rr(n−1) | Y T (I + 1n−11
T
n−1)Y = nS}.

Then
'

A
dX =

'

A′

dY.

Since nS is a symmetric matrix of full rank, there exists a matrix B consisting
of an orthonormal basis for Rr so that BBT = I, such that nS = BT D

1
2 D

1
2 B,

where D is the diagonal matrix of the (necessarily) real eigenvalues of nS. Make
the transformation Y = D− 1

2 BT Z. We have

nS = Y T (I + 1n−11
T
n−1)Y = D− 1

2 BT Z(I + 1n−11
T
n−1)Z

T BD− 1
2 , or

D
1
2 B(nS)BT D

1
2 = Z(I + 1n−11

T
n−1)Z

T = I

Thus the set A′ corresponds to the set A′′ = {Z ∈ Rr(n−1) | Z(I +
1n−11

T
n−1)Z

T = I}.
This transformation on Rr(n−1) is a block-diagonal matrix with the matrix

D− 1
2 B appearing on the diagonal, so that the Jacobian is det(D− 1

2 B)r(n−1) =

det[S[X ]]−
r(n−1)

2 , since the | det[B]| = 1. Thus we have:
'

A
dX =

'

A′

dY = det[S[X ]]
r(n−1)

2

'

A′′

dZ
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Since
.

A′′ dZ is independent of S, the measure of the set A is proportional

to det[S[X ]]
r(n−1)

2 .
This conclusion holds for the case where r = 1, showing that the set of

n dimensional vector samples with a given mean and standard deviation s is
proportional to sn−1.
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Three recurring problems: missing data, identification, time series

Duncan K. Foley
New School for Social Research
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General setup
Ë Consider samples where each observation is a vector x = 8x1, …, xr< (which we will view as a row vector).

Ë The entire sample is an nâ r matrix X in which each row is a vector observation.

Ë Using the multinomial model, we would pixellate the r-dimensional space by some scheme of binning in each of the dimensions, and then 
count the number of observations in the sample that fall in each pixel. The multinomial posterior summarizes our conclusions about a 
prospective further sample exchangeable with the data we have.

Ë Using the multivariate model we could make inferences directly about the mean and covariance matrix of further samples.
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Missing data
Ë But what if, as happens frequently with real-world data, some of the observation vectors are missing values for one or more of the variables? 

The problem is that we don' t know which pixel to put this observation in (or, in the multivariate framework, how to calculate the sample mean 
and covariance matrix).

Ë But in the Laplacian approach this is no different from any other statistical inference.

Ë The principle of inverse probability assigns posterior probability to hypotheses according to the likelihood of the data we have, given the 
hypothesis. The potential data we don' t have can include missing variables in particular observations. In the Laplacian framework, the value of 
issing data can be regarded as one of the hypotheses about which we are drawing inferences.

Ë The one thing we would not want to do in this situation is to discard the observations with missing data, since the variables that are present in 
those observations represent irreplaceable information. Excluding these observations effectively throws away valuable information.
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Bayes' theorem and missing data
Ë In terms of Bayes' Theorem, remembering the definitions of joint and conditional probability, we can summarize the inference as :

P@H‹ MD DD =
P@H‹ MDD P@D H‹ MDD

P@DD =
P@H‹ MD‹ DD

P@DD =
P@HD P@D‹ MD HD

P@DD
Ë where H is the hypothesis, MD is an assignment of values to the missing data, D is the available data, P@HD is the prior over the hypotheses, 

P@D‹MD HD is the likelihood of the available data and the assumed values of the missing data given the hypothesis, and P@H ‹MD DD is 
the joint posterior distribution over the hypothesis and values of the missing data given the available data.

Ë The joint posterior distribution over the union of the hypothesis and assumed values of the missing data can be calculated by inserting assumed 
values of the missing data into the likelihood function in terms of the prior over the hypothesis space alone.
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Inverse probability with missing data
Ë The combination of an assumption about the values of the missing data and the other hypotheses we are considering constitutes an extended 

hypothesis to which the Bayesian machinery can assign a posterior probability.
Ë Thus in principle the consistent way to treat the missing variables problem is to extend the posterior distribution to include the values of the 

missing data. Once we know this joint posterior distribution it can answer any question we have about the information contained in the 
available data given the prior.

Ë For example, the maximum multinomial posterior probability picks out both a most-likely value for the missing data, and for the composition of 
the urn (or for the value of the missing data and the mean and covariance of further observations in the multivariate case).

Ë An alternative would be to calculate the mean of the joint posterior, which would give mean values for the missing data and the hypotheses of 
interest.

Ë A third alternative would be to marginalize the joint posterior over the values of the missing data to recover a posterior distribution over the 
hypotheses.
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Identification

ü Demand and supply curves
Ë Consider a supply-demand identification problem. The quantity demanded depends on price and income, with some random perturbation, and 

the quantity supplied depends on price and a cost factor, with some random perturbation. The data is generated by market clearing, and the 
statistical problem is to recover the demand and supply curve parameters.

Clear@DemandPriceD; DemandPrice@b_D@pmax_, e_D@q_D := pmax - b q + e

Clear@SupplyPriceD; SupplyPrice@d_D@cost_, e_D@q_D := cost + d q + e

Clear@MarketEqD;
MarketEq@supply_, demand_D := Flatten@8q, supply@qD< ê. Solve@supply@qD ä demand@qD, qDD
MarketEq@SupplyPrice@0.2D@20, 0D, DemandPrice@.5D@100, 0DD
8114.286, 42.8571<
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Generating data

Generate a large number of data points, consisting of 8pmax, cost, p, q<.
MarketPoint@supply_, demand_, costrange_, pmaxrange_, supplysd_, demandsd_D :=
Flatten@H81, 2, MarketEq@supply@2, 3D, demand@1, 4DD< &L@

RandomReal@pmaxrangeD, RandomReal@costrangeD,
Random@NormalDistribution@0, supplysdDD, Random@NormalDistribution@0, demandsdDDDD

marketdata1 =
Table@MarketPoint@SupplyPrice@.2D, DemandPrice@.5D, 815, 75<, 850, 150<, 2, 5D, 85000<D;

The scatter plot of the actual observed market prices and quantities is pretty uniform:

ListPlot@Transpose@Transpose@marketdata1D@@83, 4<DDD, AxesLabel Æ 8q, p<D
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Recovering supply curves: subsample
Ë Now we need to find the conditional distribution for a given pmax or cost integrating out the other factor. Let us start by marginalizing out 

pmax and conditionalizing on cost to recover the supply curve.
Ë Marginalizing out pmax means including all data regardless of the cost level

Ë Conditionalizing on cost means selecting subsets of the data with particular values of pmax

Ë Conditionalizing means selecting the subsets of the price-quantity data that correspond to each bin of the cost variable.

Ë For example, if we select out the observations for which 25 £ cost £ 35, we can see the characteristic shape of a supply curve.
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ListPlot@
Rest êû Cases@Rest êû marketdata1, 8x_ ê; IntervalMemberQ@Interval@825, 35<D, xD, _, _<D,
AxesLabel Æ 8q, p<, PlotLabel Æ "25 £ cost £ 35"D
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Recovering supply curves
Ë In this figure, the pixellated sample is binned into subsamples with similar cost parameters. The multinomial medians and the 10th and 90th 

percentiles for each subsample are plotted.

Show@ConditionalMedianPlot@
Rest êû Cases@Rest êû marketdata1, 8x_ ê; IntervalMemberQ@Interval@D, xD, _, _<D, 87, 8<,
MPQMax, AxesLabel Æ 8q, p<, ShowBins Æ TrueD & êû Bins@Rest êû marketdata1, 86, 7, 8<D@@1DDD
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Demand curve recovery

Interchange pmax and cost to recover the demand curves.
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Linear approach
Ë Using the linear approach we begin by calculating the sample covariance matrix and its inverse, the precision matrix:

marketdata1S = Covariance@marketdata1D;
Hmarketdata1P = Inverse@marketdata1SDL êê MatrixForm;

This program reduces the precision matrix by removing the column and row corresponding to a particular variable, in this case
the first:
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This program reduces the precision matrix by removing the column and row corresponding to a particular variable, in this case
the first:

marketdata1Red1P =
ReducedPrecisionMatrix@marketdata1P, 1D;

Conditionalizing on pmax does not change the slope of the relation between price and quantity in the linear model. The slope of
the regression line of q on p is:

-marketdata1Red1P@@3, 2DD ê marketdata1Red1P@@3, 3DD
0.196801

which is the estimate of the slope of the supply curve.

The estimate of the slope of the demand curve is given by marginalizing out on cost, the second variable:

marketdata1Red2P =
ReducedPrecisionMatrix@marketdata1P, 2D;

The regression coefficient from this reduced precision matrix is an estimate of the slope of the demand curve:

-marketdata1Red2P@@3, 2DD ê marketdata1Red2P@@3, 3DD
-0.444369
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Time series
Ë The basic problem with time series is that the assumption of exchangeability for the data 8x1, x2, …, xT < limits the analysis to conclusions that 

are consistent with any permutation of the data series, which would preclude any conclusions about its time structure, such as its time 
correlation properties, or other dynamic features

Ë Suppose, to make things simple, we believe that the only relevant time-dimension correlations are limited to one lag. Then we can "stack" the 
data into a data series of the form: 88x1, x2<, 8x2, x3<, …, 8xT-1, xT <<, and proceed on the assumption of exchangeability

Ë This procedure has two important effects: first, each observation now consists of 2 r variables (the original r variables observed in the period, 
and the r lagged observations on those variables); second, the total number of trials is reduced by 1, since there are only T - 1 pairs of vectors 
of observations

Ë If we want to allow the statistical procedure to address time correlations longer than one lag, we have to give up one data point for each lag. 
This feature makes this approach very expensive for macroeconomic time series data where the number of observations is limited

Ë For example, if we have quarterly observations of a set of macroeconomic observations over 50 years (200 observations), but we are interested 
in business cycle dynamics that have a time scale of 8 years (32 quarters) we would have to stack 32 quarters of data into each time series 
observation, and would have only 168 observations left

Ë But this way of proceeding (which is implicit in many time series methods) assumes that the correlation structure of the data does not depend 
on which phase of the business cycle the data spans. If we think business cycles themselves have characteristic structure, the number of 
effective observations becomes the number of business cycles, which would be about 6. The statistical power of the analysis with n = 6 is not 
very high
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Stationarity
Ë A further complication arises from assuming that the time-stacked sample is exchangeable

Ë If, as is very common in macroeconomic data, some of the series have time trends, then the time-stacked sample will not be exchangeable. This 
leads to the problem of detrending data

Ë The integration approach of Clive Granger and Rob Engle recommends time-differencing data until it appears to be stationary. 

Ë There are two related problems with this procedure. 

Ë Time-differencing obviously throws away a lot of information. In fact, the main feature of most macroeconomic quantity time series like real 
GDP, employment, capital stock, and so on, is highly correlated trends, which are obliterated by differencing

Ë The related problem is that differencing reduces low-frequency information much more high-frequency information, which inevitably makes 
the macroeconomic data look less structured and more random ("whiter" in the jargon of time series analysis) 
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Stylized facts
Ë Even a cursory examination of quantitative economic time series immediately reveals that they typically have these features

Ë First, there is a trend, which reflects "economic growth". This is not just an annoying problem of scaling, but an important real economic 
phenomenon

Ë Second, there is a strong shared fluctuation at business cycle frequencies

Ë Third, if the data is collected at frequencies higher than 1 per year, there is a shared seasonal fluctuation

Ë It is not easy to establish further features of macroeconomic time series

Ë Differencing obliterates the zero-frequency trend in macroeconomic time series and can substantially attenuate the business-cycle fluctuations. 
If the seasonal fluctuation has been attenuated, as is often the case, by some type of "seasonal adjustment", what is left is pretty much random 
movement without much structure
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Frequency domain analysis
Ë Physicists and engineers dealing with time series data routinely tranform it into the frequency domain by applying a Fourier transform to the 

data
Ë The Fourier transform is a linear invertible transformation (which multiplies each time series by a matrix). Thus the same information is 

apparent in the frequency domain as in the time domain
Ë The assumption of exchangeability, however, appears even more problematic when the data is transformed into the frequency domain, since it 

is not at all clear intuitively why it would make sense to interchange the trend correlations of a series with their business-cycle correlations, or 
their seasonal correlations

Ë Frequency domain analysis, however, seems well-adapted to economic time series, because it distinguishes relevant frequency ranges in which 
the dynamics of the economic system are likely to be different, such as low-frequency trends, business cycle fluctuations, and seasonal 
fluctuations
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De-trending
Ë Another approach to time series analysis is nonlinear de-trending. It is similar to frequency domain analysis in that it seeks to decompose the 

economic time series into components representing fluctuations at different time scales
Ë Non-linear detrending, however, does not insist on the linearity of the decomposition, which is inherent in Fourier methods

Ë The most popular de-trending method is the what economists know as the Hodrick-Prescott filter, an algorithm adapted from other fields and 
applied to economic data

Ë The Hodrick-Prescott filter has a Bayesian flavor, in that it estimates the trend of a series by an algorithm that chooses a time path to minimize a 
penalty function that favors smooth functions of time. In general when the parameter representing the preference for smoothness is set quite 
large, the resulting trend estimate has a very slowly-varying slope

Ë This is rather like a Bayesian estimate with a prior that favors smooth hypotheses

Ë No one seems, however, to have any general theory of the statistical properties of the H-P filter or its variants
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Lecture 5
Quantum indeterminacy and universal priors

Duncan K. Foley
New School for Social Research
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Classical urn
Ë Back to the classical urn, now considered from the point of view of quantum theory

Ë Urn has two types of balls, "red" and "green"; it is very large, effectively infinite; the proportion of red balls is p, where 0 £ p £ 1

Ë As we know from the analysis of Bernoulli trials, the mean number of red balls in a sample of size n is p n, with a standard deviation 

pH1 - pL n. The proportion of red balls has mean p, and standard deviation 
pI1-pM

n

Ë As the sample size n Æ•, the sample proportion converges to p because the sample standard deviation approaches zero, the "Law of Large 
Numbers"

Ë We have seen in Lecture 1 how to derive this type of result in the Bayesian framework through the posterior distribution over possible further 
samples
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Quantum formalism
Ë Quantum theory was motivated by the need to fit anomalous experimental data into the framework of classical physics

Ë  But its structure is purely mathematical (or formal), hinting that it addresses informational issues that are more general than specific physical 
phenomena like photons and electrons

Ë Quantum theory concerns a system, which can be described as a vector in Hilbert space (a vector space with an inner product), which is usually 

taken to be a vector space over the field of complex numbers x = a + ‰ b = r „‰ q = rHCos@qD + ‰ Sin@qDL, where r = a2 + b2  is the magnitude 

or absolute value of the complex number and q = ArcTanB b
a
F is the argument

Ë Vectors in Hilbert space are denoted (in the "Dirac notation") y\. The state of a classical urn can be represented as 

y\ = p r^ + 1 - p g_ where r\ = 1
0

 and g\ = 0
1

 are orthogonal basis vectors ("red" and "green"). We can also describe the 

urn as an angle, q = ArcCosB p F, so that y\ = Cos@qD r\ + Sin@qD g\
Ë Physicists call the square roots of proportions amplitudes
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Complex urn--the qubit
Ë We could generalize the description of the classical urn to include complex amplitudes: y\ = Cos@qD r\ + „‰ f Sin@qD g]. When the angle 
f = 0, this reduces to an urn described by real amplitudes

Ë Specifying q and f determine an orthogonal basis in the space of urn-vectors. In general more complex systems have larger state spaces, but we 
can always describe an orthogonal basis in an n + 2 dimensional space by specifying n + 1 angles q0, q1, …, qn 

Ë The complex classical urn is sometimes called a qubit in the field of quantum computation
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Measurement
Ë Quantum theory concerns measurements on quantum systems. A measurement is some procedure for getting information out of the system, 

such as sampling a ball from a classical urn
Ë Quantum theory represents measurement by the notion of a set of measurement operators, which are (in this case 2â2) complex matrices that 

act on the state vector
Ë In the case of the urn, we can think of two measurements, 8M1@q, fD, M2@q, fD<, which correspond to sampling a ball of one or the other color

Ë Quantum theory elides the idea of repeated trials and the law of large numbers to the formal idea that the probability of observing outcome m in 
a set of measurements is p@mD = Xy Mmæ Mm y\ where Aæ is the conjugate transpose of the matrix A (constructed by taking the complex 
conjugates of each element (changing the sign of the imaginary components) and transposing the matrix). For a real matrix the conjugate 
transpose is just the same as the transpose. The vector Xy = »y\≠, where y\≠ is the conjugate of the vector y\, is the dual vector to the 
state. Thus p@mD is a quadratic form in the amplitudes defining the state 

Ë For example, we can represent the draw of a single ball from the urn as the measurements M1 =
1 0
0 0

, M2 =
0 0
0 1

, since 

p@1D = Xy M1æ M1 y\ = J p 1 - p N 1 0
0 0

1 0
0 0

p

1 - p
= p

p@2D = Xy M2æ M2 y\ = J p 1 - p N 0 0
0 1

0 0
0 1

p

1 - p
= 1 - p

Ë What this unpacks into is that the measurement operator represents the outcome of a large number of repeated trials on the system
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Rotation of the basis
Ë A key idea in quantum measurement is the possibility of rotating the basis vectors

Ë Mathematically rotating a system to a new basis defined by angles q, f amounts to multiplying the state vector by the matrix 

R@q, fD = Cos@qD -„‰ f Sin@qD
„‰ f Sin@qD Cos@qD , which expresses the state in the new basis vectors represented by the rows of the rotation matrix

Ë In terms of urn measurements, a rotation expresses a sample as two weighted averages of the number of red and green balls, with weights 
expressed by the components of the normalized basis vectors. A sample 9nr, ng= would be expressed as 
9Cos@qD nr - „‰ f Sin@qD ng, Cos@qD nr + „‰ f Sin@qD ng=. It is possible to get back the original sample numbers by applying the inverse rotation

Ë We might think of a rotation as defining new types or colors of balls which are linear combinations of the original colors

Ë Physicists call rotations unitary transformations
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Rotating urns to their own basis
Ë If we rotate the urn to its own basis, we get amplitudes

R@-q, 0D y\ = K Cos@-qD -Sin@-qD
Sin@-qD Cos@-qD O K Cos@qD

Sin@qD O = K 1
0

O
Ë Thus if we sample the urn in its own basis, we find that all the balls are the same color (not one of the original colors, but one of the new colors 

defined by the rotation)
Ë This is perhaps obvious in the case of the classical urn, but it can be a puzzling, almost magical, effect in physical experiments. For example, a 

beam of electrons passing through a magnet may show random spin measurements when the magnet is oriented in one way, but uniform spins 
when the magnet is turned to just the right orientation

Ë Physicists describe the possibility of making the measurements of a system uniform by changing the measurement basis as superposition. A 
superposed system appears to be simultaneously in different states 

Ë  In the case of the classical urn, we could rotate it either to uniformity in the first component, or in the second. Thus it might be described 
sometimes as "all-blue" but equally correctly as "all-yellow"
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Interference
Ë The measurement of quantum systems in "preferred" bases in which they are uniform demonstrates the phenomenon physicists call 

interference. If the basis vectors have complex components (which physical particles like electrons and photons do, because of wave-particle 
duality), measurement in the system's own basis, which makes all the data converge on one basis vector, reveals a wave-like pattern

Ë In the case of the famous "double-slit" experiment, manipulating the slits through unitary transformations changes the measurement basis and 
reveals interference patterns. Changing the unitary transformations alters the measurement basis and destroys the interference

Ë When a system is measured in a non-preferred basis, the trials give different outcomes, which is the usual way we think of sampling from the 
classical urn

Ë In these non-preferred bases the statistics of the measurements are exactly the same as if the measurement were a mixture of samples from 
different urns

Ë For example, samples from the original classical urn in the original red-green basis are indistinguishable from samples taken from an all-red urn 
with probability p and an all-green urn with probability 1 - p

Ë The experiments are not identical, however. We cannot rotate the mixture experiment to get a uniform result (in any new set of basis colors). 
We could rotate one of the underlying urns to uniformity, but then the other one would not be uniform (unless they had identical compositions 
to begin with)
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Incoherence--the classical world as we experience it
Ë Quantum physics experiments involve highly simplified and controlled systems: beams of particles, single particles stabilized by lasers, and the 

like. These systems can be described in low dimensional state spaces, and rotating the bases of these systems is a manageable (though 
experimentally challenging) problem

Ë In real life we encounter quite complicated systems with many degrees of freedom. We are very unlikely to perceive them in their preferred 
bases, and as a result we experience the world as mixtures in the quantum sense, not as superpositions

Ë In order to see interference in everyday circumstances and at the scale of objects we typically interact with, we would have to adjust a very 
large number of angles describing the basis of measurement very accurately. So we experience the world as "classical", in the sense that we 
perceive systems by averaging out the information from them as in the case of mixtures
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Quantum indeterminacy
Ë An intriguing question, which has been the subject of much philosophical debate among physicists, is how to interpret quantum superposition

Ë The classical urn as a model for quantum reasoning suggests the interpretation that the underlying physical reality (the composition of the urn in 
terms of red and green balls) remains unchanged when we alter measurement bases. What happens is that as we look at the urn from a different 
point of view we see different statistics

Ë This line of thinking raises skepticism about the "many-worlds" interpretation of quantum experiments, which attributes a separate reality to 
each of the possible uniform measurement-states of a system

Ë It also calls into question the "Copenhagen interpretation" of quantum theory, which argues that the system state is only determined when it is 
measured. According to the urn way of thinking about this problem, it is true that the way we see the system is determined when it is measured, 
because the measurement establishes the measurement basis. But the underlying object (an urn with a certain number of red and green balls in 
it, for example) is just sitting there being itself

Ë From the urn view the notion that superpositions "collapse" when they are measured also seems misleading. We have no way of accessing the 
composition of an urn except by repeated sampling. Each trial has to come out with some definite outcome, either a red or a green ball, for 
example. 

Ë Quantum formalism introduces a rather confusing convention which stipulates that the state of the system after measurement is uniform in the 
basis of the measurement (so that drawing one red ball from an urn changes it to all red). Since the "probabilities" (really proportions) that are 
attached to measurements can be realized only in repeated trials on identically prepared systems, this convention has no implications for actual 
measurements. But it tends to support what Jaynes calls the "mind-projection fallacy" which attributes uncertainty due to incomplete 
information to an indeterminacy of the phenomenon being observed
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Universal priors
Ë In the 1960s the pioneers of the field of algorithmic information theory, Ray Solomonoff, Wallace and Boulding, and Jorma Rissanen took 

steps toward integrating statistics, information theory and computatioal theory
Ë This effort began by proposing ways to measure the complexity of an arbitrary object in some absolute terms

Ë In order to make the problem simpler and better defined, an "object" was identified with a string, a sequence of symbols from some finite 
alphabet. Any type of data can be coded in various ways as a string, so this approach is quite general

Ë The set of all (binary) strings is 80, 1<*, which includes the null string 8<, and all strings of the form 8b1, …, bn<, where bj Œ 80, 1<. Each element 
in this set is finite, but the set itself is countably infinite.

Ë The length of a string is x . 
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Kolmogorov (Solomonoff) algorithmic information content
Ë Kolmogorov (Solomonoff proposed a very similar idea somewhat earlier) defined the complexity of a string in terms of Turing Machine theory

Ë The Kolmogorov algorithmic information content (AIC) of a string, K@xD is the shortest input string that produces x as output from a given 
universal "prefix" Turing Machine, U. (A prefix universal Turing Machine, U, has the property that if U@sD is defined for some string s, U@stD is 
undefined for every string t that is not the empty string. Valid inputs to a prefix Turing Machine are self-delimiting.)

Ë This definition is "universal" in the sense that it does not depend on which particular universal Turing Machine is used. Any universal Turing 
Machine can be programmed with a program of fixed length to simulate any other universal Turing Machine. The length of this fixed program 
is disregarded as overhead in counting the length of the input string required to produce x as output because it is independent of x

Ë The "Church-Turing thesis" (a philosophical concept) holds that Turing Machines can accomplish any information processing task a human 
being can. If one believes this, the AIC definition is also universal in a broader sense

Ë Kolmogorov AIC is not effectively computable, because there may be a short program to produce x that takes a very long time to run. Since the 
halting problem is uncomputable, we can never tell for sure whether a short program will produce x after a very long time, or just will never halt

Ë Another way to think of K@xD is as the minimum number of bits required to encode the string x. We can produce x by a "copying program" with 
a self-delimited input string of length K@ x D + x . The AIC of a natural number is K@nD = Log2@nD + Log2@Log2@nDD +….  The 
compressibility of a string is r@xD ∫ K@ x D + x -K@xD
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Algorithmic Information Content of random strings
Ë One puzzling feature of Kolmogorov's definition is that it attributes maximal complexity to completely random strings, since a completely 

random string has no features that would allow it to be compressed
Ë But intuitively we think of completely random strings as very simple, since there is no information that can be derived from them

Ë Murray Gell-Mann and Seth Lloyd (GL) propose a somewhat different way of thinking about this problem, closely connected to statistical 
mechanics methods in physics, based on ensembles, which are probability distributions over the set of all strings

Ë An ensemble, E, assigns a probability E@xD ≥ 0 to each string

Ë The (Kolmogorov prefix) AIC of an ensemble, K@ED is the length of the shortest input program to U that computes E@x 'D to precision n when 
given the string x' and n as inputs. 

Ë GL argue that while a random string is incompressible, the best ensemble to represent it assigns the same probability to each string of the same 
length (the uniform ensemble). The AIC of the uniform ensemble is low, because all you have to input to the UTM to compute it is the length of 
the string, which takes K@ x D bits, much less than the copy program, which needs an additional x  bits
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The uniform and Dirac ensembles
Ë The "Dirac" ensemble dx that has dx@xD = 1 and dx@x 'D = 0 for all x ' π x has K@dxD = K@xD because the only x-dependent part of the input 

string to U required to compute dx is a program to compute x itself 

Ë The simplest ensemble to compute is EU, x , which  assigns the uniform probability 2- x  to all strings of length x . 
Ë The complexity of this ensemble is K@EU, x D = K@ x D, since the only information the program needs as input is the length of the data string. 

Ë The uniform ensemble is the maximum entropy ensemble over strings of length x , with H@EU, x D = x

Ë The GL program suggests measuring the effective complexity of a string (object) by the complexity of the ensemble that in some sense best 
represents the object. This is analogous to statistical mechanics where the actual (highly complex and disordered) state of a gas is represented 
by an ensemble of possible states consistent with the macro-variables (such as energy and volume) that constrain the gas
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Bayesian formulation
Ë One way of associating ensembles with a given string is to use Bayesian methods that exploit the identity:

P@H DD ∫ P@D HD P@HD
P@DD

Ë In the context of the version of algorithmic information theory considered here, the string x plays the role of the data D, and the ensemble E 
plays the role of the hypothesis, H, and E@xD is the likelihood

P@E xD ∫ P@x ED P@ED
P@xD = E@xD P@ED

P@xD
Ë The log posterior probability of an ensemble is

Log2@P@E xD = Log2@P@EDD + Log2@E@xDD + C

Ë Here C = -Log2@P@xDD is a constant independent of the ensemble 

Ë Log2@P@EDD is the log prior probability assigned to each ensemble in the absence of any conditioning data

Ë Log2@P@x EDD = Log2@E@xDD is the log likelihood, which measures how well the ensemble fits the data
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Complexity measures as priors
Ë Rissanen's model description length principle can be viewed as a prior which penalizes complexity, and like "Occam's Razor" favors simpler 

hypotheses over more complicated ones, other things being equal 
Ë The minimum description length approach of Rissanen can be represented by the prior

Log2@PMDL@EDD = -K@ED
since an ensemble is a model in Rissanen's terminology, and the Kolmogorov complexity of the ensemble can be interpreted as
its description length. This prior expresses the principle of "Occam's Razor" which favors simpler explanatory hypotheses over
more complex ones.

Ë E. T. Jaynes argues in some contexts that theories that maximize entropy given the available information are preferable, in contrast to the total 
information prior, which favors minimum entropy ensembles. A more general prior can be based on a trade-off between Kolmogorov 
complexity and Shannon entropy, which can be expressed as a price, a:

Ë a can be regarded as a price at which bits of computational complexity trade for bits of entropy, or as a temperature, analogous to the definition 
of Helmholtz free energy in thermodynamics. 

Ë The expression K@ED - aH@ED thus might be interpreted as the "usable information" in an ensemble.
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Compressibility and effective complexity
Ë Lemma

For a > 0 with the prior, Log2@P@EDD = -HK@ED - aH@EDL, H@EU, x D - H@E`U, x D £ r@xD
a

.

Ë Theorem
When a > 0, the maximum posterior probability ensemble for an incompressible string is the uniform ensemble.

Ë Theorem
When a < 0, the maximum posterior probability ensemble for an incompressible string is the Dirac ensemble, dx.
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Example: Pattern strings
Ë One simple class of ensembles are those characterized by a reference string x̀ of the same length as x and a probability p, Ex

` ,p. 

Ë Ex
` ,p@xD µ BinomialA x dAx, x̀EE pdAx,x`EH1 - pL x -dAx,x`E

, where dAx, x̀E = HammingDistanceAx, x̀E, the number of differences between the two 
strings.

Ë Look at reference strings x̀ generated by repetitions of a pattern string x, x̀@x, xD.
Ë The complexity of ensemble Ex

`Ax,xE,p is K@ x D + x , since when the data string is presented to the program, it can generate the appropriate 
reference string from the data string length.)

Ë The probability p does not change with x , so it can be disregarded as overhead. 

Ë The Shannon entropy of the ensemble, is the entropy of the binomial distribution, HAE x ,pE = x Hp Log2@pD + H1 - pL Log2@1 - pDL. Thus the 
log posterior probability is:

-HK@ x D + x L + dBx, x x ë x F Log2@pD + J x -dBx, x x ë x FN Log2@1 - pDN +

a x Hp Log2@pD + H1 - pL Log2@1 - pDL
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Example, cont.
Ë The table shows the log posterior probability for a = 1 and related statistics for fitting a list generated by the pattern 80, 1, 1< with a bit-flipping 

probability of .01 to various pattern lists with bit flipping probability p. The measures are in bits, except for the probabilities

18   statlec5slides.nb



pattern p LogPostP comp TotInfo AIC80, 1, 1< 0.225122 3839.86 6165.6 7699.35 5.2494181, 0, 0< 0.774878 3839.86 6165.6 7699.35 5.2494180, 1, 0< 0.417137 387.312 606.193 9806.21 5.2494181, 0, 1< 0.582863 387.312 606.193 9806.21 5.2494181< 0.417703 386.271 602.431 9804.69 1.80< 0.582297 386.271 602.431 9804.69 1.81, 1< 0.417703 384.271 600.431 9806.69 3.80, 0< 0.582297 384.271 600.431 9806.69 3.80, 0, 1< 0.417651 382.501 598.908 9808.69 5.2494181, 1, 0< 0.582349 382.501 598.908 9808.69 5.2494181, 1, 1< 0.417703 382.021 598.182 9808.93 5.2494180, 0, 0< 0.582297 382.021 598.182 9808.93 5.2494181, 1, 1, 1< 0.417703 380.271 596.431 9810.69 7.80, 0, 0, 0< 0.582297 380.271 596.431 9810.69 7.80, 1, 1, 1< 0.458454 92.3765 162.083 9957.14 7.81, 0, 0, 0< 0.541546 92.3765 162.083 9957.14 7.80, 0, 0, 1< 0.541042 89.9881 158.492 9958.34 7.81, 1, 1, 0< 0.458958 89.9881 158.492 9958.34 7.80, 1, 0, 0< 0.54064 88.0984 155.651 9959.29 7.81, 0, 1, 1< 0.45936 88.0984 155.651 9959.29 7.80, 0, 1, 0< 0.540237 86.2274 152.839 9960.23 7.81, 1, 0, 1< 0.459763 86.2274 152.839 9960.23 7.80, 1< 0.49995 -2.99986 16.8459 10 003. 3.81, 0< 0.50005 -2.99986 16.8459 10 003. 3.80, 1, 1, 0< 0.49915 -6.95831 12.9082 10 007. 7.81, 0, 0, 1< 0.50085 -6.95831 12.9082 10 007. 7.81, 1, 0, 0< 0.50045 -6.98831 12.8632 10 007. 7.80, 0, 1, 1< 0.49955 -6.98831 12.8632 10 007. 7.80, 1, 0, 1< 0.49995 -6.99986 12.8459 10 007. 7.81, 0, 1, 0< 0.50005 -6.99986 12.8459 10 007. 7.
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